NOTES FOR SECOND YEAR DIFFERENTIAL EQUATION
PART III: FIRST ORDER ORDINARY SYSTEMS

JESSE RATZKIN

1. INTRODUCTION

A first order system of differential equations is a system of n first order ODEs.
In general, these can be coupled together. Here are some examples systems of two
ODEs for two unknown functions y;(z) ya(x).

(1) vy = vz, yo =221
(2) y1 =1 +y2, Yo=1y1— Vo
(3) ¥y =2y, vh=(1—-2)p
The last example is decoupled, because the ODE for y; does not involve s, and
the ODE for ¢, does not involve y;. The other two systems are coupled.
At this point we set some notation and state definitions. We will consider a
vector-valued function y of the real variable x, and write

yi(x)
y(z) = y2(55)
Yn ()
We can now write our system of ODEs as
(1) y = F(x,y),F: RxR"— R"
In components, (1) looks like
yi(z) 7' Fi(z,y1,. ., yn)
@) yQEx) _ Fy(x, ylz T
Yn () Fo(, 915+, Yn)

Now the appropriate intial value is a vector y(0) = yo € R". As before, we say
a vector-valued function y(x) solves (1) if y/(x) = F(z,y(x)) for all z. We say
that (1) is decoupled if each Fj depends only on z and y;, and otherwise, it is a
coupled system. We also have the same definitions as before. An ODE system is
linear if each Fj is a linear function of y1, s, ..., y,, otherwise it is nonlinear. An
ODE system is autonomous if none of the F}’s depend on x.

The examples we wrote out at the start of this section were all 2 x 2 systems of
ODEs. Written in vector notation, they look like
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These systems we have written out all have something in common: the right
hand side F'is always a linear function of y. We have written each system in terms
of matrix multiplication to emphasize the fact that each system is linear.

We can see an example of a nonlinear ODE system, namely

(3)

Yi=1v3,  yh=ui.

This is a nonlinear, coupled 2 x 2 system of ODEs, which we can write in vector

notation as
/
3]-[3]
Yo Y1

However, because this system is not linear, we cannot write it as a matrix product,
as we did with the linear systems above.

We also see a way to turn second order scalar ODEs into first order systems.
Consider the second order, linear ODE

y" + @)y + po(w)y = q(x),
and make the substitution
yi(z) =y(x),  ylz) =y ().

Then the second order scalar ODE becomes the first order system

H;]/:{q—ply%—poyl}:{—%o —;1} Hﬂ%ﬂ

In fact, we can use the same technique to convert any kth-order ODE into a k& x k
system of first-order ODEs.

2. LINEAR SYSTEMS
A homogeneous, linear system of ODEs has the form
(3) y = A(z)y, y(r) e R, A(x) € Myxn.

We refer to the matrix A as the coefficient matrix of the system, and observe that

the entries in A are allowed to be functions in general. Written out in components,
2



(3) looks like

2[4 2
(4) 3425117 _ (l21ESC azzziﬁ 3 Cl2n:37 y2::1:'
Yn() L am () apa(z) - ann(2) Yn()

Mostly we will write out 2 x 2 systems, which look like

_3/1 ,: ai; Qaig n
Y2 g1 Q22 y2 |’

and we can illustrate most of the general properties with these examples.

There is an example which is very easy to solve, namely when the coefficient
matrix A is diagonal. In this case, the system decouples completely, and we end
up with n independent, linear, first order ODEs. More explicitly, if A is diagonal,
then we have

!/

U1 an(:v) 0 s 0 U1
Y2 0 as(x) --- 0 Y2

(5) : - : : : : : ’
Yn 0 e 0 apn(x) Yn

which we can rewrite (after multiplying the matrices out) as

(6) yi = a11($)y17 y; = a22(‘r)y27 T ZJ;L = ann(w)yn

The fact that the system decouples is equivalent to saying y; depends only on y;,
and not on any of the other y’s. Each of these ODEs is separable (and also linear),
so they are all easy solve. We obtain

(7)) yi(x) = clef““(x)dx, yo(x) = coel az(@)de Yn(x) = cnef“""(x)dz,

where ¢y, ca, ..., c, are constants of integration.
There is one choice of initial conditions for which we can always solve.

Lemma 1. The initial value problem
y(z) = Al)y(z),  y(0)=0
has the solution y(z) =0 for all x.

Proof. Observe that

V= (0) = 0= Alx) -0 = Al)y().

O

Remark 1. Observe that y = 0 is always an equilibrium solution of the ODE
system 1y’ = Ay.
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Definition 1. The equilibrium solution y = 0 s stable if for every e > 0 there
is 0 > 0 such that |y(0)| < & implies |y(x)| < € for all x. In other words, if
you start with initial conditions close enough to 0 then you stay near 0. The
equilibrium 0 is asymptotically stable if there is 6 > 0 such that |y(0)] < o
implies lim,_, |y(z)| = 0. In other words, if you start with initial conditions close
enough to 0 then the solution in fact limits towards 0. If O is neither stable nor
asymptotically stable for the ODE system y' = Ay then 0 is unstable.

We will see that we cannot solve coupled systems of ODEs in general, but we
can say something about the solutions in many cases. We will also see below a nice
way to characterize when 0 is stable or unstable, at least in the case when A is a
constant matrix.

2.1. Linear systems with constant coefficients. In this section we only con-
sider the case when the coefficient matrix A has constant entries. In other words,
we assume each a;; is a constant. The system (3) is now y' = Ay, where A is a
fixed n x n matrix. We will start with the initial value problem

(8) y/ = Ay7 y(l') € Rn7 A€ Mnxn7 y<0) =.

Before stating some results, it would be nice to recall some facts from linear algebra.
A nonzero vector v € R™ is an eigenvector of A with eigenvalue A € R if Av = \v.
Notice that A is allowed to be zero, but v is not. One can find eigenvalues by
solving the equation

det(A — AT) =0,

where [ is the n xn identity matrix, and then find associated eigenvectors by solving
the system of equations Av = Av. A matrix A is diagonalizable if one can find
a basis of R"™ consisting of eigenvectors of A. In other words, A is diagonalizable
if and only if one can find n linearly indenpendent vectors {vy,...,v,} such that
AUj = >\jvj'

Proposition 2. We consider the initial value problem (8), and suppose that v is
an eigenvector of A with eigenvalue X. That is, Av = \v. Then the solution of (8)
18

(9) y(x) = M.

Proof. We need to check that y(z) = e’ solves the ODE and has the correct
initial condition. First we take a derivative:

d d
. (z) = . (eMv) = AeMv = M (Av) = Ay.

Here we have used the fact that v is an eigenvector of A with eigenvalue A. Next
we evaluate at x = 0O:

y(0) = M = v.



Proposition 3. Suppose the initial vector v in (8) is a linear combination of
eigenvectors of A:

v =01 + - - CU, Avj = \jv;.
Then the solution to the initial value problem s

Ak

y(z) = creMPvy + - + e Ty

Proof. We compute much as in the last case:

d d
% = % (cleh‘rvl + -+ Cke)\kka)

= Cl>\1€>\1$1)1 + -+ CkAkGAkx
= c1eMTAvy + - + e Ay,
= A v+ -+ ey
= Ay.

Here we have used the fact that Av; = A\;jv;, and the fact that matrix multiplication
is linear. Thus y satisfies the correct ODE. We evaluate at x = 0 as well:

A1-0 A0
y(0) = c1e™ vy 4 - F e o = aqvy F -+ agug = v,

Theorem 4. Let A € M,,,, and consider the intial value problem

y = Ay, y(0) = .

Suppose that A has a basis of eigenvectors {vy, v, . .., v, } with eigenvalues A\, Ag, ..., Ay,
such that Av; = \jv;. Because {vy,vs,...,v,} is a basis for R", we can write

v= y<0) = C1U1 + CoUg + - - - CpUy
for some coefficients cq,...,c,. Then the solution to our inital value problem is
y(I) = Cl€>‘1$1}1 + 026>\2x2)2 I CnGA"xUn.

Proof. If A has a basis of eigenvectors (i.e. if A is diagonalizable) then we can write
as a linear combination of eigenvectors. The theorem now follows immediately from
the previous proposition. ]

Example: We consider
, - 4 =2
y y? - [ 3 _3 1 °

One can check that A has eigenvalues \; = 3 and Ay = —2, with

2 2
an=a[2]=5[2] <

1 1
AUQZA[3:|:_2|:3:|:_2U1

5
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Suppose we want to solve the initial value problem

y = Ay, y@)z{_2}2—4{?}+3{§}=—@h+&&

The solution is

y(x) = —4e3v; + 3¢y,
Observe that as © — oo, the vy term becomes very small, so when x is very large
the solution y(x) is very close to a multiple of the eigenvector v;.

We pause here to recall our definitions of stability. Roughly speaking, 0 is stable
if any solution starting near enough to 0 stays near 0, and it is asymptotically
stable if any solution starting near enough to 0 tends towards 0. Formally, 0 is
stable if for every € > 0 there is 6 > 0 such that |y(0)| < ¢ implies |y(z)| < € for all
e. Similarly, 0 is asymptotically stable if there is § > 0 such that |y(0)| < § implies
lim, o |y(z)] = 0.

Now apply this criterion to the system

/ o o 4 _2
y—Ay—{3_3]y
If we choose the initial condition

y(O) = C1V1 + CoUo

then the solution is

y(z) = c1e®™v; + coe” vy,
In particular, of ¢; # 0 then |y(x)| will grow exponentially because of the e3*v; term.
We see that in this case 0 must be unstable, because A has one positive eigenvalue
A1 = 3. This one positive eigenvalue forces the solution to grow exponentially.

Exercise: Sketch some generic solutions of the system

, 4 -2
y:Ay:[3—%}

on the y; — yo plane. This sketch is usually called a phase portrait of the system
y = Ay.

We're ready to state a theorem.

Theorem 5. Let A € M,,,, have real eigenvalues Ay, g, ..., \,, and consider the
system of ODEs y = Ay. Then 0 is a stable equilibrium if and only if \; < 0
forall 3 = 1,2,...n, and 0 is asymptotically stable if and only if \; < 0 for all
7=12...,n.

Proof. We prove this theorem in the case that A is diagonalizeable, i.e. A has

n linearly independent eigenvectors vy, vy, ..., v, with Av; = A\;v;. However, the
statement of the theorem is true in general. Let yo = y(0) be any initial condition,
and find coefficients ¢y, ¢, .. ., ¢, such that

A A A
Yo = C1U1 + Covs + - - U, = Y(x) = 1”01 + €™ vy + - - - F ey,
6
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FIGURE 1. The is the phase portrait for the system 1y’ = Ay where
A has eigenvalues 3 and —2, so the origin is an unstable saddle.

If \; < 0for all j, we see that all solutions y(x) decay exponentially to 0, regardless
of where they start. In particular, in this case 0 is asymptotically stable. If A; <0
then for > 0 we have e%* < 1, and so

ly(x)| = ’Cleval + ot Cneknzvn‘ < lerl|vn] + [ea|[va| + -+ + |enl|vnl.

In particular, if we choose |¢;j| small enough for all j, then y stay near 0, and so
0 is stable. On the other hand, if one eigenvalue is positive, say A, > 0, then we
can choose yy = ¢,v,,, and the solution y(z) = ¢,e*"®v,, will have an exponentially
growing length, no matter how small we choose ¢,. Therefore, in this case 0 is
unstable. 0J

We will later see a more general statement, when the eigenvalues of A are allowed

to be complex numbers.
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Example: Consider the system of ODEs
;o 112
y—Ay—{Ql}y

With a little work, we compute that the eigenvalues of A are \; = —1 and Ay = 3.
We have one positive eigenvalue, so 0 is unstable. A little more work tells us that
the two eigenvectors are

U1:|:_1:|, Avlz—vl, 'U2:|:}:|, A’nggvg.

Thus, any solution has the form
y(x) = cre vy + ce® vy — e vy

as r — 0o. After a long enough period of time, the solution will be very close to a
scalar multiple of vo. The phase portrait of this system looks like a saddle.

Definition 2. Let A € Myyo have real eigenvalues \y < 0 and Ay > 0. (That is, A
has one positive eigenvalue and one negative eigenvalue.) Then we call 0 a saddle
point of the system iy’ = Ay.

Observe that a saddle point is always unstable!
Example: Consider the system of ODEs

: -3 2
yzwz[l_Ay

With a little work, we compute that the eigenvalues of A are A\; = —1 and Ay = —4.
This time we have two negative eigenvalues, so we conclude that 0 is asymptotically
stable. With a little more work, we compute that the eigenvectors are

01:[}}7 Avy = —uy, UQ:{_f], Avy = —4vy.

Thus, any solution has the form
y(x) = cre” vy + cae vy — 0

as x — oo. Notice that the v, component tends to zero much faster than the v
component, which we can see in the phase portrait of the system.

Definition 3. Let A € Msyo have two negative eigenvalues. Then 0 is called a
sink of the system iy = Ax.

Observe that a sink is always asymptotically stable!

Example: Consider the system of ODEs

1[ 17 -3

g g

y_Ay_5{—2 w}”
8
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FIGURE 2. The is the phase portrait for the system ¢y’ = Ay where A
has eigenvalues —1 and —4, so the origin is an asymptotically stable

(sink) node.

With a little work, we can compute that the eigenvalues of A are \; = 3 and Ay = 4.
We have two positive eigenvalues, so 0 is unstable. With a little more work, we
compute the eigenvectors

U1_|i;:|, A’Ul:?)'l}l, U2_|:_é:|, A/UQZ4U2.

Any solution then has the form
y(x) = c1e® vy + e* vy,

which grows exponentially as + — oo. Notice that the vy term grows much faster
than the v; term, as we can see from the phase portrait.

Definition 4. Let A € Msyo have two positive eigenvalues. Then 0 is called a
source of the system iy’ = Ay.

Observe that a source is always unstable!
9



Example: Consider the system of ODEs
-1 1
y = Ay = { 1 _Jy-
Again, we do a little bit of work and see that the eigenvalues of A are A\; = 0 and

Ao = —1, so 0 is stable but not asymptotically stable. With a little more work, we
find the eigenvectors:

Ulz[i}, AU1:O, 02:{_1}, AU2:—2U2.

Any solution of this system now has the form
y(x) = c1vy + ey = oy

as x — 00. We see that, regardless of where we start, the limiting behavior is that
the solution becomes as close as you please to a multiple of v;.

10
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FIGURE 3. The is the phase portrait for the system y = Ay where
A has eigenvalues 0 and —2, so the origin is stable but not asymp-
totically stable.
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We have seen examples of matrices which are not diagonalizable, that is, matrices
which do not have a basis of eigenvectors. We illustrate this with an example.
Example: Consider the system of ODEs

, 1 -1
yszz{l 3}.@

We find that A = 2 is the only eigenvalue (it is a repeated root of the characteristic
polynomial), but it only has one eigenvector associated it:

v:[_}}, Av = 2wv.

So we have one solution to the system:

v = | 1],

where ¢ is an arbitrary real number. We need to find another solution, and we look
for a solution of the form

y(z) = ve**v = xe*” [ _1 ] :
However, a computation tells us

Y = (1 + 2x)e*v # 2xe*v = re®* Av = Ay,

so this guess doesn’t work. For our next guess, we choose

1 w
_ 2x 2x, . __ 2x 2x 1
y(x) = ze™v + e“w = ze {_1}+e {w2],

where w € R? is some fixed vector we must find. Now setting ¢/ = Ay forces

Yy = (14 22)v+ 2e*w = Ay = A(ze*v + *™)

= 2xe*v + ¥ Aw.

Collecting terms and cancelling, we see

(3] -rmu-me- ][]

Solving, we find w; + ws = —1, so we can choose
w = { _(1) ] = y(z) = ve**v + *w = ze** { _1 ] + e** { _(1) } :

Notice that we have a choice in solving for w, but any choice we make in this
step will give us a solution. In fact, any two choices will differ by a multiple of v.

(Challenge problem: prove this last statement.)
11



Theorem 6. Let A € Msyo have a repeated eigenvalue A and only one eigenvector v
(up to scalar multiples). Then the general solution to the system of ODES y' = Ay
has the form

y(z) = cre’v +¢p [ze’ v+ eMw],  where (A— N)w = v.

In this case, we call w a generalized eigenvector of A associated to the eigenvalue
A. The equilibrium solution y = 0 is stable if and only if A < 0.

Remark 2. Be careful to only do this when A is not diagonalizable!

Finally, we treat the case when A has complex eigenvalues.
Example: Consider the system of ODEs

;4 [0 —4
y—Ay—{1 O]y

Computing, we find that the eigenvalues of A are AL = £2i, and we have eigen-
vectors

1

Thus we can write our solution as

vy = { +2 } , Avy =2w,, Av_ = —2iv_.

We use Euler’s formula: if # € R then ¢ = cosf +isin to rewrite our expression
for y as

y(&) = ki cos(2z) { ; } — by sin(22) { : } + ks cos(2z) { : ] + ko sin(2z) { ; ] ,

where k1 = ¢y +c_ and ko = —1(cy —c_).

We see immediately that the solution y(z) is periodic, with period 7. In partic-
ular, the equilibrium gy, = 0 is stable, but not asymptotically stable. If you trace
out the solution curves on the y; — —ys plane you will find they are ellipses.

Theorem 7. Let A € Msys have complex eigenvalues Ay = a+ib, with eigenvectors
vy = uEiw, where a and b are real numbers and u and w are vectors in R?. Then
the general solution of the ODE system y' = Ay is

y(x) = e* [ky cos(bx)u — ky sin(bx)w + ko cos(bx)w + ke sin(bz)u] .

In particular, the equilibrium y = 0 1s stable if and only if a < 0 and asymptotically
stable if and only if a < 0.

Example: Consider the system of ODEs

, —1/2 1
12
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FIGURE 4. The is the phase portrait for the system ¢y’ = Ay where A
has eigenvalues 42, so the origin is a stable center (but not asymp-

totically stable).

Computing, we find that the eigenvalues of A are A

~

eigenvectors

-

1
+i

|

)

—1/2 + ¢, and we have

1
Av_ = (—5 — z) v_.

We can now read off that the general solution of our ODE system is

y(z) = /2 [(/ﬁ cosx + kg sin z) { (1) } + (—kysinz + ky cos z) { (1) H .

We see in particular that the equilibrium y = 0 is asymptotically stable, and in
fact all solutions spiral in to the origin.

We can now summarize the stability properties of y = 0 for a linear system

y' = Ay with constant coeflicients.

13
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FIGURE 5. The is the phase portrait for the system y = Ay where
A has eigenvalues —1/2 + i, so the origin is an asymptotically stable
spiral.

Theorem 8. Let A € M, be a fixed matriz whose entries are real numbers, and
let A1, Ao, ..., \, be the eigenvalues of A. Consider the system of ODEs y' = Ay
and observe that yo = 0 is an equilibrium solution. This equilibrium is stable if and
only if the real part of \; is non-positive for every j = 1,2,...,n. The solution
yo = 0 is asymptotically stable if and only if the real part of \; is negative for every
ji=12....,n.

In fact, there is a very nice way to write out all solutions to the system of ODES
y' = Ay

in a closed form. To make sense of this, we need some more tools from linear

algebra. We state the following theorem without proof.
14



Theorem 9. For any A € M, .., the power series
— 1 _ Lo 13
kZHA =LA+ AT AT
=0

converges absolutely. We call the resulting sum the matrix exponential of A, and

write it as e,

The matrix exponential has many of the nice properties of the usual exponential
function, but not all of them. For instance, e” is always an invertible matrix,
even if A is not invertible, and (e?)~! = e~“. However, it is not always true that
pA+B _ ,AB.

Example: If D € M, is diagonal then e” is easy to compute. We have shown

in this case that

d 0 -+ 0 a0 - 0
D=|: :+ + |=D=|: + = |,
0 --- 0 d, 0O --- 0 dﬁ
so we can sum these to get
et 0 0
oD — . :
0 0 e

In the 2 x 2 case, we can write this as

o d1 0 D _ €d1 0
D—{o dz]:e _[ 0 edQ]'

Example: If A is diagonalizable, that is A = Q71 DQ, where D is diagonal, we
can also compute e?. First we show that

A=Q'DQ = A* = Q 'D*Q.

This is true by definition for £ = 1. Suppose for some positive integer k we have
AF = Q7'D*Q. Then we have

Ak+1 — AAk — Q—lDQQ—leA _ Q—IDDkQ — Q_le+1Q7

and so the general formula is true by induction. Taking a limit of partial sums, we
see

k!
k=0

Here we compute with an explicit example. Let

4 =2 _
Az{g _3}=Q1DQ,

M= eSS QD) = Y QD = Q)
k=0

where



Then

3 —1He3 0 H2 1] 1[ 6e® —e 1 3ed —3e2
5

1

A_ -1,Dn_ *+
=0 Q_5{—1 2 0 e?2 13 —2e3 +2e72 —e® + 6e?

Challenge problem: Can you find conditions on A and B such that e4*8 =
A_B9
ee”

We can use matrix exponentials to solve linear systems of the form (3) when A
is constant.

Theorem 10. Let A € M, y,, be a fized coefficient matriz. Then the solution to
the initial value problem
y'=Ay, y(0)=uyo
is
y(x) = e™yq.
Proof. We will only prove this theorem in the case that A is diagonalizable, that
is A = Q1DQ, even though it is true in general. In this case, we know that the

columns of () are the eigenvectors of A, with eigenvalues equal to the corresponding
diagonal entries of D. Multiply the ODE on the left by (), so that we have

Qy = QAy = Q(Q™'DQ)y = DQy.
Now change varibles, and let z = Qy, so that we now have the ODE system

2= Dz,
which we write in components as
Z1 ! dll 0 cee 0 Z1
Z9 0 dQQ ce 0 Z9
Zn 0 -+ 0 du, Zn

This is now a decoupled system, which we can write out and solve explicitly: for
7=1,2,...,n, we have

2= djiz; = zj(x) = 2;(0)e™7”
Putting everything together, we have the vector

2(z) = Qy(z) = " (Qyo)
solving the system
Qy' = DQy.

Multiplying by @~* on the left, we recover

y=Q '2=Q 'e""Quo = "y,
which solves

y' =Q'DQy = Ay,
as we wished to prove. O
16



2.2. General properties. In this section describe some general properties of lin-
ear systems ¢y = Ay, where now A is allowed to depend on z. First of all, one can
reuse our proof using Picard iteration for scalar, first order ODE, to prove existence
and uniqueness.

Theorem 11. Let A : R — M,,«,, be continuous and consider the initial value
problem

y'(z) = Az) -y(z), y(0) = co.
There is an € > 0 such that this initial value problem has a unique solution in the
mterval —e < x < €.

Of course, we expect to find n independent solutions to a given system of ODEs
y = Ay, where A : R — M, ,. This means that at any value xy we expect to
find n linearly independent solutions y; (z), y2(x), ..., ys(z), and we should be able
to solve any initial value problem using a linear combination of these solutions:
y(x) = cryi(z) + caya(x) + - - - chyn(x). However, we don’t automatically know that
these solutions stay linearly independent for all values of z. It turns out that they
do.

Definition 5. For each z let A(x) € My, x,, and suppose the function x — A(x)
is at least differentiable. Suppose that yi(z),ya(z), ..., yn(z) all solve yi(r) =
A(z)y;(x), and define the Wronskian determinant to be

W(x) = det [ yi(x) ya(x) -+ yn(x) } )
Theorem 12. The Wronskian determinant satisfies
W' =tr(A)W.

We can write this out explicitly when n = 2. Let

=l dm ] =50 5]

Because the columns of [ y1 ¥ | correspond to solutions of the system ¢y = Ay,

we have
o B |a b a B | ex+by aB+0bé
~vo8 | e d v 6| | cat+dy e¢B+do |’
which we can write as

o =aa+by, B =af+05, v =ca+dy, & =cB+do.

Next we write out

w' = %det[i ?}:(cw—ﬂwl
= dd+ad —pv—p59
= (aa+by)0 4+ a(cf + do) — (aB + dd)y — [(ca + d)
= a«ad +dad — afy — dpy

= (a+d)(ad—py) = tr7(A)W



This theorem is called Abel’s theorem, and is proved by writing out the derivative
of a determinant in terms of sum of determinants of (n — 1) x (n — 1) cofactors.
We will see another version of Abel’s theorem later, when we discuss second order
(scalar) ODEs. We can use Abel’s theorem to conclude the following corollary.

Corollary 13. The Wronskian is either never zero or always zero. As a conse-
quence, either the solutions y1,va, ..., Yn are always linearly independent or never
linearly independent.

Proof. The ODE
W'=Wtr(A) = di In(W(z)) = tr(A(z)) = W(z) = el (A @)t
x

for some constant c¢. If ¢ # 0, then W is never zero (because an exponential is
never zero). On the other hand, if ¢ = 0 the W is identically zero. The second
statement of the corollary follows immediately from the fact that the determinant
of a matrix is invertible if and only if its columns are linearly independent. U

We summarize the properties of the system y’ = A(x)y, where A : R — M,y is
a continuous, matrix-valued function, with the following:

e The set of solutions is an n-dimensional vector space.
e Let {y1(x),...,yn(2)} and let W (z) be the determinant of the matrix with
y; as its jth column. Then W’ = tr(A)W.

o Let {y1(x),...,yn(z)} solve v = A(z)y. Then {yi(x),...,y.(z)} is linearly
independent for all z if and only if {y(0), ..., y,(0)} is linearly independent.

2.3. Non-homogeneous linear systems. In this section we consider

y' = Az)y + g9(x),
where ¢ is a vector valued function. An example we will consider at the end of the

section is
Yy=13 —3|Y x|

Associated to the non-homogeneous system we have the homogeneous system
y' = A(z)y, where we set g = 0.

Theorem 14. The general solution of y' = A(z)y+g(x) isy = y,+yn, where y, is
any particular solution of the non-homogeneous system and yy, is general solution
of the associated homogeneous system y' = Ay.

Proof. Let y, be some solution of 4’ = Ay + ¢ and suppose y is any other solution
of the same system. Then
=) =y —y,=(Ay+9) — (Ay, + 9) = Aly — %),
so y — Yy, = yn, must solve the homogeneous system y' = Ay. 0
By this theorem, we can find the general solution of y' = Ay + g by following
the steps below.

(1) Find the general solution yj, of the associated homogeneous system 3’ = Ay.
18



(2) Find some particular solution y, of ¥ = Ay + ¢, regardless of initial condi-
tions.
(3) The general solution of ¥ = Ay + ¢ is then y = y;, + y,.
Example: Find the general solution of
4 =2 [ e
=[5 Sl []

By our work above, we know A has eigenvectors
1
3

so the general solution of the associated homogeneous system is

T2 [
yn = ¢ € {1}+6262 [3}

We also found that A = Q~'D(Q where

121 41 3 —1 |13 0
o-[ia] er=s[ 2] R ]
Notice that the columns of () are the eigenvectors of A; this is always the case

when A is diagonalizable, i.e. when A has a basis of eigenvectors. Now our non
homogeneous system reads

’01:|:2:|, Av1:31)1, Vo =

1 :| ; AUQ = _2027

Y =Q7'DQy + g(x).
Multiply on the left by ) and make the change of variables z = Qy, so that we
obtain

7 =Qy =DQy+ Qg =Dz+Qg,

2 32 i 2"+
2 || 22 e +3x |’

This system is now decoupled, and has become two separate linear, first order
ODEs, each of which we can solve. We write these out separately as

which we write as

71 =3z +2e " + 1, 2y = =220+ e "+ 3u,

which have the solutions

1,1 1+
z = 26 3:E 9 cie

or (in matrix notation)

— _1/2 _1/3 _1/9 3z 1 22| 0
z=e€ { 114—:1:{ 3/21+|:_3/41+016 0 + coe 11
Finally, we recover y by writing y = Q2.
In the case of this particular system, there is an alternative method to find
a particular solution. Notice that the inhomogeneous terms are all formed by

exponentials and linear functions, so we should guess that y, would a sum of

exponentials and linear functions. This is because the derivative of an exponential
19
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is another exponential, and the derivative of a linear function is a constant. Thus
we should guess

ase” " + by + o

Now plug this into the system of ODEs:
—z —ay bl
w= ][]

[4 —2] {ale$+b1x+cl}

ae F +bix+ ¢
Yp =

and

Ayp T g 3 =3 age_‘” + b2$ + Co

. —z 4a1—2a2+1 4b1—262 401—202
- { 3a; — 305 ]+$[361—3bg+1}+{3cl—302]

One can then equate y, = Ay,+g and solve for the unknown coefficients ay, az, by, by, c1, ca.
This method is called the method of undetermined coefficients, and we will
see it again later on in the course.

3. NONLINEAR SYSTEMS

In this section we will study some of the properties of nonlinear systems of ODEs.
Much as we did for difference equations, we will concentrate on finding equilibrium
solutions an analysing their stability properties. Also, for the sake of simplicity, we
will concentrate on 2 x 2 systems (i.e. systems of two equations in two unknown
functions). However, many of the properties we will discuss carry over to larger
n X n systems, with more equations and unknown functions.

Our general setting will be a vector-valued ODE of the form

y'(z) = F(z,y(z)), z€R, yx)eR", F:RxR"'"—R"
We will only discuss the autonomous case, that is
y:R—-R", F:R"—=R"  =F().

At this point, we first list some examples.

Example: Here we just write down a particular example, which we will later
see (in tutorials) can model the populations of a pair of competing species. We
consider

3 1 ' (1= — )
=y (L= — ), I o _ 2 PN ?ﬁ}:{% 1 2
ni=u(l—yi—y2), o =1 <4 Y2 2y1> {w v (3~ — 1yy)
Example: We consider a pendulum. We let a mass m swing free on a rod of
length [ (of negligible mass), and use # to denote the angle the rod makes with the
veritcal direction. The force of gravity pull the mass downward, so that we have
d*0

—mglsinf = leﬁ e —% sin 6.
20



We can convert this to a first order system by letting ¢; = 0 and ¢ = ', so that
we have the system of ODEs

(8] =[]

This is a nonlinear system of first order ODEs in the unknown functions ¢; and
¢o. It is coupled, because the ODE for ¢; involves ¢, and the ODE for ¢y involves

b1

Example: We can refine the previous example by introducing some dampling.
This means we take say there is some friction in the pivot point of the pendulum,
so that the original ODE becomes

0 = —sing— =0
[ ml

(The factor in front of the 6’ term is chosen to make certain things turn out nicer.)
We can again make the substitution ¢; = # and ¢, = 6’ to obtain the system

{@1’:{ 2
P2 —Ising; — 5S¢ |

3.1. Equilibria. In this section we discuss equilibrium solutions of autonomous
systems of first order ODEs. Again, these systems all have the form

y'(x)=F(y(z)), y:R—R", F:R"—=R"

Definition 6. A solution y(z) of ¥ = F(y) is an equilibrium solution if y is
independent of x, i.e. y is some constant vector c. One can also call and equilibrium
solution a fixed point of the system.

Theorem 15. A constant vector ¢ € R is an equilibrium if and only if F(c) = 0.

Proof. An equilibrium solution y(x) must be constant, so that y’ = 0. If this
equilibrium is the constant vector ¢, then we have

which proves that and equilibrium must satisfy F(¢) = 0. Now suppose that
F(c) =0, and set y(z) = ¢ for all z. Then we have
d

F<C) =0= %(C)a

so y = c is indeed an equilibrium solution. U

Example: In this example we find the fixed points of the competing species
system we wrote down in the previous section. We have

3 1 u | yi(l =y —yo)
/: 1_ - 9 /: - I <:> ! == K Y
from which we can read off
ne([z]) -2
Y2 Y2 (z — Y2 — 5?41)
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To find the fixed points we must find the zeroes of F"

0 yi(1 —y1 — 1) } (3 1 )
:F pr— . O: 1— — 5 O: — — —— .
{ 0 ] (y) { v (3~ — 1yn) 0=y (l-yp1—y2) 2|y — v oW

We have several cases to consider. First, if y; = 0, then the second equation reads

3 3
O:y2(——y2)¢y2:00ry2:—,

o] [eh ]

y220:>y1(1—y1):0:>y1:00r1.

so we have the fixed points

Next we set

Finally, we consider the case that neither y; = 0 nor y», = 0, so we must have

3 1

1
Y1 — Y2 T Y2 291 Y1 5 Y2

Putting this all together, we have the following four fixed points:

ol Lol o) 1]

Example: Next we find the fixed points of a free pendulum. The free pendulum

satisfies
/
" o__ _g : Cbl _ ¢2
0" = lst(:)[gbz] —[_%qubl]
where ¢; = 6 and ¢, = #'. To find the fixed points we set

0] .. [ ¢ o
[01Fw>{%$§@]<ﬁ¢zQ sin ¢ = 0.

Thus the equilibrium solutions are

(o3} km
= & 0=k,
Mk
where £ is any integer. We can interpret this physically as saying that the equilibria

correspond to the pendulum either hanging straight down or pointing straight up.
Exercise: Show that the damped pendulum,

M:—%mwniyﬁ[@}:{_g.@

[ ml P2 1 Sin g1 — -5 09

has exactly the same fixed points as the free pendulum.
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3.2. Stability. To analyze the stability of the system ¢y = F(y) near a fixed point
y = ¢, we would like to find the linear system which best approximates y' = F(y)
near y = c¢. We can do this by replacing F' with its first order Taylor polynomial,
which is exactly the linear function approximating F' the best. In this section we
will only treat the case of 2 x 2 systems, but the theory for larger systems is nearly
identical.

Here we write

J = {yl }'_F( - {Fl(yla?ﬁ) }

(7 Fy(y1,92)

Let ¢ = { ? } be a fixed point, and write out the linear approximation of F' near
2
y=c
Gkl ea) Git(er,ca) —c
F(y)~F(c)+ DF|_ (y—c)= | 3¢ Q2 L e
() © |y_c b= [ 8%1 (01702) ‘3%2 (c1,¢2) [ Yo — C2

If we let u; = y1 — ¢1 and us = Yo — ¢o and replace F' with its linearization we now
have the first order system of ODEs

! o OF
Ur | _ | 9y 0w U1
2 oy1 Oy2 2
where all partial derivatives of F} and F} are evaluated at (cq, ¢2).
Example: We linearize the system

3 1 ! 1—y —
yi =yl —y1 — y), yézm(——yz——yl)@{yl] —[ y1(3 Y1 yQ)

4 2 Ya y2 (3 — 12— 301)
about each of its fixed points. First we compute some partial derivatives:
OF, OF, 1 OF, oF, 3 1
—— =1-=2y1 — 1o,

8_311:_5‘%’ 0_3/2:_y17 8_3/224_1_ 92—591-

Next we evaluate the matrix of partial derivatives of F' at each fixed point. We
have

8F1 8F1 7 [ aFl 3F1 i
OF  OF 1 0 el e 1/4 0
dy1  Oya — Oy Oya _
| -[0aA) (B R [ ]
v 9y2 | (0,0 - L vt 9%2 11(0,3/4)
and
on o —21 -1 St G ~1/2 —1/2
oty o = | oty BB = | 1 — :
0 1/4 1/4 =3/2
a2 || . L 9v1 02 | |(1/2,1/2)

!/
For instance, linearizing about (0,0) we obtain the system R - t ,
us (3/4)

which is a source node, but linearlizing about (1,0) we obtain the system

HEREHE]
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This latter system has a coefficient matrix with one positive and one negative
eigenvalue, so we expect the phase portrait to have a saddle point there. This is, in
fact, exactly what happens. We can also see that (0,3/4) is another saddle point
(with one positive and one negative eigenvalue). With a little computation, we also
see that the eigenvalues of the coefficient matrix at (1/2,1/2) are

-7+ 29
=<
8

so this point turns out to be a sink node.

A 0,

Theorem 16. Let ¢ € R"™ be a fized point of the first order, autonomous system
Yy = F(y) of n equations in n unknown functions yy,...,Yn, and let A € My, be
the matriz

0 7] OYn
ofy, of, . o
A |
OF, OF. .. OF,
ayl ay? 8yn

If A has an eigenvalue \; with the real part of A; positive, then the system y' = F(y)
is unstable near c. On the other hand, if the real part of \; is negative for all
eigenvalues \; of A, then y' = F(y) is asymptotically stable near c. If the real parts
of all the eigenvalues of A are zero then the test is inconclusive.

Example: We can see from this theorem that the system

3 1 u | { yi(1 =1 — 42) }
I 1— _ , A P — — TN =
yi = yi( Y —Y2), Yy =1 (4 Y2 2%) [ Us ] Us (% — Yy — %yl)
is asymptotically stable near the fixed point (1/2,1/2), and unstable near the fixed
points (0,0), (1,0), and (0,3/4).
Example: We have seen that the fixed points of the system corresponding to
the free pendulum are (km,0) where k is an integer. We linearlize the system to

obtain |
[Zi] :[—%cgs(km) (1)} {Z;]:l(—&ﬂ (1)} {Z;]

In this case, the eigenvalues are given by A2 = (—1)*19  If k is odd we have
one positive and one negative eigenvalue, so the system is unstable near these
fixed points. If k is even then we have pure imaginary eigenvalues, and the test is
inconclusive.

Exercise: Do the same stability analysis for the fixed points of the damped
pendulum:

~le ~K

g c o1 ]’ ¢
0" = —Zsinh — —0 < | | = G .
T { P2 } { —7sing — 50
We close this section of notes with a table listing the stability properties of fixed

points for the case of 2 x 2 systems. In this table, A\; and Ay are the eigenvalues of
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either the coefficient matrix (in the case of linear systems) or the linearization F
at the fixed point.

linear systems nonlinear systems
stability type stability type
A1, Ao both positive unstable source node unstable source node
A1, A2 both negative asymp. stable sink node asymp. stable sink node
A1 <0, X >0 unstable saddle unstable saddle
AM>0,2=0 unstable line of fixed points unstable inconclusive
A1 <0, =0 stable line of fixed points inconclusive inconclusive
Ar=a+1b,a>0 unstable spiral unstable spiral
Ar=a+1b,a<0 asymp. stable spiral asymp. stable spiral
A =1b stable, not asymp. center inconculsive  inconclusive
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