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These notes introduce the notion of derivatives for functions of several variables.

It is worthwhile to first recall the derivative of a real-valued function of a single
variable. Let f: R — R, and fixed o € R. The classical definition of f having a
derivative f'(zg) at x¢ is that the limit

T—xQ r — 2o
exists. Denoting the limit as a = f'(zo), we can rewrite this as

iy (H) =S —ole =)

T — X

Tr—XT0

Notice that any linear map from R to itself is just multiplication by some constant a.

This is the important conceptual leap we must make: the derivative of a function

at a point is not a number, or a vector. It is a linear transformation. The

derivative of a function f at the point z( is the linear transformation which best

approximates f near xy. Indeed, you're already familiar with this concept from

Taylor’s theorem, but might not have thought about it using the language above.
Now we naturally arrive at the proper definition of a derivative:

Definition 1. Let f : R" — R™ and xo € R*. We say f has a derivative at xq if
there is some linear map A : R™ — R™ such that

iy (L) )= Ao =)

|z — x0]

T—To

If this limit exists for the linear map A, we write Df|, = A as the (total) derivative
of f at the point x.

We can rewrite this expression as, near x,

f(x) = f(z0) + Alz — 20) + 7(2),
where

A:R"™ — R™ is linear, and lim (M> = 0.

z—zo \ |z — x0



We call r(x — x¢) the sublinear remainder of f at zy. It will be convenient later to
define the auxiliary remainder function 7 : [0, 00) — [0, 00) by

o |f(z) = f(x0) — Dfl,, (x — 20)|
7(p) = sup :

|z—z0|<p |:E _$0|

Notice that —7(|x — zo|) < r(z — z¢) < 7(|x — x0|), and we still have the estimate

(| = o))

lim =0.

z—z0  |T — X0

Also, not that 7(p) is a monotone function of p, so that for p* > p > 0 we have

(p*) = 7(p)-
We emphasize here that it is important to remember that the derivative of f at
the point zj is not a number or a vector, it is the linear transformation which

best approximates f near z.
Proposition 1. If f is differentiable at xy then it is also continuous.

Proof. Write x = z¢ + v, and use the notation above. Then

lim |f(z) — f(zo)]

T—T0

11}151) |f(xo+v) — f(xo)]
= lim |f(20) + A(v) + r(v) = f(wo)|
< lim([|Af[}o] + [r(v)]) = 0

We conclude lim, ., (f(z)) = f(zo). O
At this point we state some basic rules of differentiation.
Theorem 2. Let f and g be differentiable functions.
1. D(f 4+ cg) = Df+ cDg for all real numbers c.
2. D(go f) =(Dg)o (Df)
3. D(f-g)=Df-g+ f-Dg (Notice the order of operations!)

The second two statements require some clarification. In the second statement,
we consider f : R® — R™ and ¢ : R™ — R*. Then the composition maps R” to R¥,
and so does it’s derivative. The theorem states that the derivative of a composition
is the composition of derivatives. (This statement is certainly too elegant to not
be true!) In the third statement, the product in question is a bilinear operation we
will explain inside the proof.



Proof. We begin with property 1. Choosing a basepoint xy, we see

i {I(f(ﬂf) + cg(x)) = (f(@o) + cg(xo) + (Dfl,, + ¢ Dygl, )z - xo)l}
T—x0 |z — 0|
— sy [0 DI =)+ lte) - Do)
T |z — 20|
x)— flxg) — D T — X x)—glxg) — D T — X
< iy [ o) = Dl 201y lte) )= Do)

=0.

This proves the linearity of the derivative.
Next we prove the chain rule, property 2. For simplicity of notation, we write
f and ¢ in Taylor series expansions:

f(x) = f(xo) + Az — zo) + 74 (z — 20), g(z) = g(xo) + B(x — o) + 14(x — x0).
Here A and B are the linear transformations which are the derivatives Df|, and
Dg|$0 respectively, and the remainder terms for f and g satisfy

hm |rf(x_‘r0)| :O: hm |7‘g(ZE—I0)|

z—z0 T — o z—z0  |x — 20

Letting
y=f(x), wo=[f(re), v=2—m0, w=A@)+rs(v),

we can write

gof(x) = go f(x)=g(y)
= g(yo + A(v) +74(v))
= 9(y) + Bo A(v) + B(rp(v)) + ry(w).

It remains to show that the two remainder terms B(rf(v)) and r,(w) are smaller
than linear. First,

i B 1Bl Bl (o)
T T T

=0.

Next, we decompose w = A(v) 4+ r¢(v), so that

b o] (AR + D] 7 (A@) + 1 (0))
R T T
=y TollANRL (]
= o |

Putting this all together, we have
90 f(x) —go fwo) = Bo Alw —xg)| _ . |Blrs(v) + ryfw)

lim <
T—x0 |£L' — .CU()| v—0 ‘Ul

=0,



and so B o A is the linear transformation which best approximates g o f at x( as
claimed.

To prove 3, we first explain the product. on the real line, this is the usual
product of numbers, but on a higher dimensional vector space there are many ways
to interpret a product. In this case we mean a bilinear map.

Let V,W,Z all be vector spaces. A bilinear map - : V x W — Z is any
map which is linear in each factor. More precisely, if we fix v € V then the
map w — v-w : W — Z is linear. Similarly, if we fix w € W then the map
vi—v-w:V — Z is also linear. Again, pay attention to the order of operations; a
bilinear map doesn’t need to be symmetric. Examples of bilinear maps include the
dot product and matrix multiplication. For the proper statement of 3, we write
the bilinear form as B(v,w) = v---w. Then we have

DB(f,9)l, (v) = B(Dfl, (v),9(x)) + B(f(x), Dyl, (v))-

To prove this statement we again write the first order Taylor expansion of f
and g, with Df| = A and Dg|, = B. Then

A(f(x+v),g(r+0)) = B(f(2) + A(v) +7(v),9(z) + B(v) +14(v)) (1)
ﬁ(f(x)» (2)) + B(A(v), g(z)) + 8

+0(f (@), r4(v) + B(A(v), B(v) +

+0(rp(v), g(x) + B(v) + 14(v)).

We must verify that the last three terms are sublinear in v. In order to do this, we
need to think of a good way to bound a bilinear map. In this case, if 5 : R” xR™ —
R* we can also think of 3 as a linear map Tj : R* — R™ = L(R™ R¥). That
is, T is a linear map from R™ into the space of linear maps from R™ to R¥. The
map T is given by (1s(v))(w) = B(v,w). Now, Tj is a linear operator between
finite-dimensional vector spaces, so it has a finite operator norm

1751l = sup{[| T ()] : ] = 1} = sup{[(T(v))(w)] : o] =1, [w| = 1},
and so
|B(v, w)] < [|Tpl[vf[wl
Now we can estimate the last three terms in (2). First of all,

i BU@LTo(@) Tl (@)l7y o)

< = 0.
e o e o

The other two estimates are similar.
O]

As mentioned above, we often call the linear map D f the total derivative of
f. From it we can recover other things like directional derivatives and partial
derivatives.



Definition 2. Let f : R" — R™ and v € R". If xqg € R" the directional derivative
of f at xq in the direction v is

Dfl,, (v)

Y

:hm(ﬂ%+“ﬁ—ﬂ%»

t—0 t

provided the limit exists. (Notice that the limit is a vector in R™.) We will typically
take v € S™ ! to be a unit vector. In the case v = e;, one of the standard basis
vectors of R™, we obtain the partial derivative

o
52 = DUy (65),

where f; is the ith component of the function f.

Proposition 3. Let f: R" — R™ and v € R". If the total derivative Df\mO erists
then so does the directional derivative, and in this case Df|, (v) is the linear
transformation Df|x0 applied to the vector v.

Proof. Suppose D f |ZO exists, and denote it as A. Then

(L8 10 J0) gy (Ul t0) = Sl = A

t—0 |t| t—0 t
T LACIy )
t—0 |t|

In this case we have a nice expression for Df[, (v) in terms of the component

of v and the partial derivatives of f. Write v = 2?21 vje;, then by linearity

ZUJ Df’xo €;) ZUJ
8f

D 852 vector in R™, whose ith component is

O

Ofi
Oz ]

The reverse 1mphcat10n does not hold. In contrast to what happens with func-
tions of one variable, it is possible for a function of several variables to have partial
derivatives, or even directional derivatives in all directions, at a point without even
being continuous. Consider the real valued function of two variables

_ [ S (zy) #(0,0)
”%”‘{ 0 (z,9)=(0,0).

Away from the origin (0,0) this is a perfectly smooth function. Also, for any unit
vector u € S"7!, the directional derivative exists. In fact, writing u = (cos 6, sinf)
for some angle 6, we have

3 cos® 0
b — lim = cos® 0.
f| 0,0) t1_>o (t(t2 cos? ) + t2 sin® 9)) o
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Here we consider




So we see that the directional derivatives not only exist, they are uniformly bounded
between —1 and 1. It’s not too much more work to see that restricting f to
any smooth curve through the origin produces a smooth function of one variable.
Despite all this, f is not differentiable at (0,0). First observe that the partial
derivatives of f at (0,0) are

af  _, af

= 0.
o (0,0) dy (0,0)

1 1
Df o) (v) = 7 # G = %COSQ—F g—gsme

One should keep the example directly above in mind to remember the difference
between directional derivatives and the total derivative for for functions of several
variables. Fortunately, these two coincide for functions of one variable, whether the
target is one-dimensional or not. This is because, in R, one can only take a limit
in one direction, rather than several in two (or more) dimensions. Thus we see
that all the rules of calculus we're used to for scalar-valued functions f : R — R
still hold for vector-valued functions f : R — R™. In practice, one can write
f(t) = (fi(t),..., fm(t)), where t € R is the independent parameter, and apply
one-variable rules of calculus to each component f;(t) separately.

We can refine the notion of a differentiable function f : R" — R™ by asking
for the derivative to be continuous. We give the space of linear transformations
R™ — R™ a topology from the operator norm, and ask that the derivative D f |$0
vary contiuously (as a function of the base point xg) in this topology. Equivalently,
we can ask that the coefficients + 8f L of the matrix associated to the linear transfor-

However, if § = /4 then u = (cosf,sinf) = (%f %) and
of

mation Df|, —are continuous functlons (It is worthwhile to check that these two
conditions are equivalent.)

Definition 3. We say that f : R®™ — R™ is of class C' if the derivative Dfl,,
varies continuously with respect to the base point x.

We will return to the subject on C! functions later, and prove that f : R® — R™
is C1 if and only if its partial derivatives 3 f L exist and are continuous. First, though,
we prove some mean-value estimates Wthh are very useful. In this discussion, we
let D be a domain, that is an open, connected set in R", and consider f : D — R™.
If p,q € D, denote the line segment joining p to g by [p, q]. Recall that a domain
D C R™ is convex if for every pair p,q € D the line segment [p, ¢ is also in D.

Theorem 4. Let p,q € D such that [p,q] C D. Then there is a linear transforma-
tion A : R™ — R™ such that

f(q) — f(p) = Alq — p).



In fact,
1
A=Ay = /0 Df|tq+(1—t)p dt.

Moreover, this linear transformation A,, depends continuously on the endpoints p
and q.

Proof. Define the vector-valued function of one variable g(t) = f(tq + (1 — t)p).
By the fundamental theorem of calculus for functions of one variable and the chain
rule,

£(@) — £() = g(1) — g(0) = / J(t)dt = / Dfluysir vy (0 — p)it.

It remains to see that A, , is continuous. Take € > 0. The segment [p, ] is compact,
so D f is uniformly continuous on it. So there is § > 0 such that

€
|tq—i_(1_t)p_u’<5:>H l)f’thr(lft)p_l)f’u”§

DO |

for all ¢ € [0,1]. Choosing x and y so that |x — p| < ¢ and |y — ¢q| < 0 we see

|| ‘Df|tq+(1—t)p - Df|ty+(1—t)$ H S €.

We conclude

1
14qp = Ayl < /0 I DFligsanp = DFliyra-pe lldt < e.

]

Theorem 5. Choose p,q so that [p,q] C D and let M = supgcict || Dflip o ll-
Then

|f(q) = f(p)| < Mlq —pl.

Proof. Without loss of generality, we can assume M is finite. It suffices to show
If(p) — f(q)| < (M +¢€)|p — q| for any € > 0. Consider the set

X={zelpd:|fly) - fp)l <M +ely—pl Vyelpal}.

Observe both sides of the defining inequality for X are zero if x = p, so p € X.
Also, because f is continuous, X is a closed subset of the interval [p, q]. If we can
show X is also an open subset of [p, ¢|, then we must have X = [p, q] because the
interval is connected. We show this by examining the first order Taylor expansion
of f at any xo € X. Indeed,

[f(x) = fxo)| <[ DS, (& = wo)| + 7p(lw — xo]) < (M + €)] — ol



There are three possible configurations for the triple z,zo,y in [p,q] if y € [p, x]:
either z is between x and y, x is between zy and y, or y is between x and zq. (It
might help to draw a picture here.) In the first two cases, o € X and y comes
before xq, so | f(y) — f(p)| < (M + €)|ly — p|. In the last case,

(W) =F )l < [f () —f(@o)|+|f (xo) = f(p)| < (MAe€)(Jy—xo|+|zo—pl) < (M+e€)[y—pl.

In any case, we conclude that if « € [p, q| is near xy € X then x € X, and so X is
an open subset of the interval [p, ¢]. Because [p, ¢| is connected, its only nonempty
subset which is both open and closed is itself, and so | f(p) — f(q)] < (M +¢€)|p—q]
as we claimed.

]

We leave the proofs of the following three corollaries as exercises. Recall that a
function is Lipschitz continuous, with Lipschitz constant L, if

1f(p) — f(@)] < Llp —ql-

Corollary 6. Let f be differentiable with || Df|, || < M for all xo € D. Then f
18 Lipschitz with Lipschitz constant M.

Corollary 7. A continuously differentiable function is locally Lipschitz.

(Hint: Pick a basepoint p and choose a small, convex neighborhood of p. Then
use the fact that if ¢ is near ¢ then Df| has to be close to Df] .)

Corollary 8. If Df|p =0 for allp € D and D 1is connected then f is constant on
D.

(Hint: Use the Corollary above with the best Lipschitz constant you can think
of.)

Now, using some of the mean-value estimates we have just derived, we will
prove the following theorem.

Theorem 9. The function f : R® — R™ is of class C' if and only if the partial
derwatives ng; exist and are continuous.
Proof. If f is C', the derivative exists, and so the partial derivatives also exist.
The partial derivatives are also the composition of the derivative map and a dot
product, so they are continuous.

Now suppose the partial derivatives exist and are continuous and fix x € R"™.

We have to show that, for v € R” small,

r=flr+v) = flz) - Alv)



is smaller than |v|, where A is the linear transformation whose components ar

a;; = gg?. Choose € > 0. By continuity, there is a § > 0 such that if |v| < 0 then
J

ofi o ofi < €
Oxj|,., Oxj|,| ~ nm
Now join z to = 4+ v by the sequence of n line segments o; = [p;,q;], 7 =1,...,n,

where p; =, ¢; = p; + vje;, and pj;; = ¢;. Then, using the mean value theorem,
we can write

filr +v) = filx) = Zfi(%’) — filp;) = Z S;J:;

vy,
pjt0ijuje;

for some 6;; € [0,1]. Note that, because |v| < §, the points p; and g¢; are all in the
ball Bs(x), so we conclude

file+0) = fi0) = 3 52| v - ARL
;3%‘ . ; 05|y, omse,  O%ila)
€
< —.
m

It follows from this estimate that the derivative exists, and Df|  is the linear

ofi
af;

transformation whose components are a;; = Moreover, these component

x
vary continuously with z, so f is in fact C1.

[]

The same estimate leads one to a slightly more general statement. (Details of
the proof are left to the reader.)

Theorem 10. Let f : R" — R™ and suppose the partial derivatives exist and are
continuous near x. Then f is differentiable at x. Further, if the partial derivatives
of f exist and are bounded then f is locally Lipschitz.

We’ll finish off this section of notes with some brief asides. What does it mean
for a function f : C — C to have a derivative? Recall that the complex plane
C is bijective to the real plane R? under the map z = x + iy, where > = —1.
However, C has the additional algebraic structure of multiplication, which makes
many aspects of analysis on it particularly nice. Indeed, under the bijection listed

above, multiplication by the complex number a + b is the same as multiplication

—b

by the 2 x 2 matrix As we have written before, f : C — C has a

a
b
derivative at zj if there is a linear map T : C — C such that

f(z4+h)=f(z) +T(h) +r(h).



However, the fact that T is a linear map from C to itself means it must be multi-
plication by a complex number. Writing f in real components, f(z) = u(z)+iv(z),
we see the the matrix of partial derivatives take the form

ou  du
or Oy _ a —b
v Qv b a |’

Thus we have derived the Cauchy-Riemann equations for an analytic function:

Ou v du v
oxr Oy’ oy  Ox’
If you take a course in complex analysis you'll that these are very powerful equa-
tions.
Finally, recall that we previously proved that matrix inversion is a continuous
function. We can improve this with the following theorem.

Theorem 11. Recall that Gl(n,R) C R" is the set of invertible linear transforma-
tions from R™ to itself. The inversion map Inv : Gl(n,R) — GL(n,R) is of class
Cl.

In fact, the same proof shows Inv has as many derivatives as you please.
We will need the following lemma.

Lemma 12. If A € Gl(n,R) and ||A]| < 1 then (Id —A)™! exzists, and is the limit
(as k — o0) of the partial sums

k
Sk:ZAj:1d+A+-~-+Ak.

=0
Proof. The identity has conorm m(Id) = 1, so we can bound the conorm
m(Id —A) > m(Id —||A|| > 0,

which shows Id — A is invertible. Next we show Sy, is a Cauchy sequence. Choose
e > 0, and choose N € N large enough so that

IAIY < e(1 = [|A]).

Because [|A| < 1, the sum Y 7 [|A[[7 is a geometric series, and converges to
(1 —|A])"" If k > 1 > N then we estimate

1Sk = Sill = A"+ A o AT < A - A

< AP A < AT Y AN
j=0
(Y

— < €.
1 — [ All
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The space R™ is a finite-dimensional normed vector space, so it is complete, and
thus the series ) % AJ converges to some linear transformation S. We want to
show S = (Id —A)~!. However, we can telescope the sum to get

Spo(Id—A) = (Id —A) o S = Id —AF.

(Write this out if you don’t see it.) Also, ||AL|| < ||A]|*T! — 0, so, letting k — oo
we see

So(Id—A)=(Id—A)o S =1d
as claimed. O]
Now we prove that matrix inversion is C*.

Proof. It A € Gl(n,R) and V € R™ is small, we want to prove the Taylor estimate
Inv(A+ V) =Inv(A) + L(V) + r((V),

where L : Gl(n,R) — R" is a linear transformation and r is sublinear. It will
help to factor (A+ V)™ = A7'(Id+V A~!)~!, which in particular (by the lemma)
implies A + V' is invertible for V' sufficiently small. Furthermore,

J=0

where in the last expression we have retained only the first two terms of the
series expansion. The map V +— —A"'oV o A7! is the linear function of V
we're looking for, and our only remaining task is to show the remainder (V') =

Al <Z;’;Q(—VA)j> is smaller than V. In fact,

N e Sy VAT
r(V)| < [|A7! VAIJ:Al(” :
Il < | ”;}” AT = 1AM T

SO
eI VAT
lim < lim = 0.
v=o V[ T veo 1= [[V[[|ATY]

Finally, we need to prove the map V +— —A~1oV o A~! depends continuously on
A. We already know Inv is a continuous function, so if A, — A then A,;l — AL
Thus

|— Al oVoA '+ A oVoAd™

IA A

AT = AZHIAATH + 14 ) — o

11

I(A™ = A o Vo ATl +[|A; o Vo (AT - A

-1
k

)l



Some comments are in order. In the case of n = 1, the formula for matrix
inversion reverts to the familiar
d (1) 1
de \z) 2%

In higher dimensions the formula is more complicated, and one must pay close
attention to the correct order of operations. This order of operations becomes
more important for higher powers. As an exercise, you might determine whether
(A%)~1 = (A71)? for linear transformations from R” to itself (equivalently, n x n
matrices). Start by thinking about 2 x 2 matrices.

One can use series to define many familiar functions of matrices. For instance,
the exponential of an n x n matrix A is given by the familiar power series

R
k!

k=0
It’s not too hard to show this series is absolutely and uniformly convergent (in
fact, one can pretty much copy the n = 1 proof), and so one can even differentiate
the power series using the familiar formula. However, usually e4+8 #£ 4. eB for
matrices. If you start to expand out the corresponding series, you'll find the right
condition to force eA*? = e4.eB. Again, one must pay close attention to the order
of multiplication.

Here are some more exercises. If you're doing a lot of work for any of these,
stop! Each one is actually very quick if you understand what’s going on.

1. Let f: R® — R? be orthogonal projection onto the horizontal plane. What
is the derivative Df| 7 Does it depend on the base point z?

2. Fix v = (1,0,0,1,-2,1) € R® and let f(z) : R® — R be given by f(z) =
(z,v). What is the derivative D f?

3. Fix any 3 x 4 matrix A and consider the function f : R**? — R3*2 given by
f(B) = A- B. What is the derivative D f7
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