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1. Introduction

1.1 Notations and Definitions

1.1.1 Definition. We define the gradient of the scalar function f(x1, 22, - ,2,) by the vector field of
the partial derivatives of f and denoted by V f i.e

o (2 o o
Ox1’ Oxzo Oxy,
1.1.2 Definition. The divergence of the vector field F' = (Fy, Fy, - -+ , F},), in the coordinates (z1, z2, -+ , )
is defined by
oF  OF oF
dvF =V - F= — 4+ 4 ...4 2~
W ox1 + 0x9 + + o0xy,
one of the impotent properties of divergence is the linearity
div(F + H) = divH + divH,
div(¢F) = ¢(divF) + (V, F). (1.1.1)
1.1.3 Definition. Let ¢ € C*(M) ,k > 2,where M is bounded domain in R™ we define the Laplacian
operator of ¢, by

A¢p = div(Vo).
Taking ¢, v € CKF(M) ,k > 2, we get
A(p+1¢) = Ag + A,
div(¢(VY)) = ¥(Ag) + (Vo, Vi), (1.1.2)
A(¢y) = (A) +2(Ve, Vo) + ¢(AY).

The Divergence Theorem . Let F' be continuously differentiable, compactly supported vector field
on M, then

/(divF)dx - /<V, F)dA. (1.1.3)
M oM

where v is outward normal vector and dA is an unit surface on the boundary of M proof of this theorem
in "I. Chavel, Eigenvalues in riemannian geometry,”

Green formulas . Applying divergence Theorem into equation (1.1.2), such that at least ¢ €
CH(M), ¢ € C*(M), we get

/ div(p(Veh)) d = / (H(A) + (Vo Vi) dex = / (v, (V) dA.

M M oM

Which implies that the first Green's formula given by

/(1/1(Agz5) +(Vo,Vy))dx = / d(v,Vip)dA. (1.1.4)
oM

M
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Taking 1 € C%(M) and replacing ¢ by v in equation (1.1.4) we get

/(¢(A¢)+<V¢,V¢>)dx: /my,w)d/x. (1.1.5)
oM

M

Immediately from equations (1.1.4) and (1.1.5), we deduce the second Green's formula

/ ((AB) — (AP)) do = / (o, Vi) — (v, V))dA. (1.16)

M oM

As special case of the divergence theorem, if the vector field F' = 0 in the boundary, then

/(divF)dx =0 (1.1.7)

M

Therefore the Green's formulas are given as

a0+ (vo.vu) dz =0, (118)
M
And
[(wa6) - sawaz—o. (1.1.9)
M

1.1.4 Definition.

(a) Let L2(M) be the space of those measurable functions for which the Lebesgue integral of the square
of the absolute value of the functions is finite.

/ If?dz < 400
M
For f, h € M, the inner product on LQ(M), is defined as

(f.9) = /M fgda,

With the associated norm

Hf||2=/M|f|2dx,

(b) The space of the measurable vector fields is denote by £2(M), and we define the inner product of
two vector fields F, G on M by

(F,G) = /M<F, Gda,

with the associated norm

I1F|? = / PP du.
M
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Now let the real valued function ¢ € C''(M) and the vector field F' € C'(M) be compactly supported.
Then applying equation (1.1.1) into (1.1.3) we get

/ ((dWF) + (Vé, F)} da = 0,
M
The definition above yields that
(Vé, F) = —(¢, divEF). (1.1.10)

1.1.5 Definition. We define the weak derivative of a function f € L?(M), by the vector field Y €
L2(M) such that if

(YvX) = _(f7d|VX)
for every compactly supported vector field X € C'(M). The weak derivative is denoted Y = V f

1.1.6 Remark. If the weak derivative exist, then it is unique.

We define the Sobolev space H; (M) of order one to be subspace of L(M).
Hi(M)={f € L*(M):VfeL* M)}

With the inner product defined as

(fs91 = (f,9) + (Vf,Vh)
The associated norm is

IR = 1112+ IV A1
also we note that
FeC=(M):[|f][i < o0

As consequence to the Sobolev space H;(M) of order one we defined the symmetric bilinear form
(energy integral) as

D[f,h] = (Vf,Vh) (1.1.11)
for f,h € Hi(M).

Laplace operator is self-adjoint operator . For ¢, € L?(M), using integration by part twice we

get
<¢,Aw>:/quwdxzngmw»vdx—/Mw-vzpdx:—/Mw-wdx
=0
But
—/ wﬁ'vwdm:—]{ w<w>-vdx+/ YA Gz = (), A)
M oM M
~

Therefore

(9, ) = (Do, )
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Dirichlet boundary condition.
—Ap=finM (1.1.12)
¢ =0 ondM (1.1.13)

this mean that ¢ is unique solution of the variation problem

{¢ e HI(M), Vo eH (M),
[y (Vo -Ve)yda = [, (fo)dz

Existence and uniqueness of a solution for (1.1.14) follows from the Lax-Milgram Theorem, and poincaré
inequality. We denote by

AP L2(M) — Hi (M),
AP f— o, where ¢ is solution of (1.1.14)

(1.1.14)

(1.1.15)

Neumann boundary condition. . We consider ¢ as the solution of the Neumann problem and let f
function in L2(M)

—-Ap=f in M (1.1.16)
Vo-v=20 on OM

where v is toward unit normal vector on M . this mean that ¢ is unique solution of the variation problem

{¢ e Hi (M), Vo€ Hi(M),
Ju(Vo-Vy)dz = [,,(fy)dz

Existence and uniqueness of a solution for (1.1.17) follows from the Lax-Milgram Theorem, and poincaré
inequality. We denote by

AN L2(M) — Hi(M),
AN f— 0. where ¢ is solution of (1.1.17)

(1.1.17)

(1.1.18)

1.2 Abstract of the Spectral Theory

Let H be a Hilbert space endowed with inner product(e, ) and let the operator T' be linear continuous
map from H — H. We say that

(i) T is positive if Vo € H (Top,0) >0
(i) T is self-adjoint if Vo, € H (T, ) = (b, Td)

(i) T is compact if the image of any bounded set is relatively compact (i.e has compact closure in H)

1.2.1 Theorem. Let A : H — H be compact, self-adjoint and positive operator on Hilbert space
H. Then there is finite or infinite sequence {An}rjy:O or {A\n},2, of real eigenvalues X\, # 0 and
corresponding orthonormal sequence {en}ivzo or {en},~ respectively in H such that:

(i) Alen) = Anen Vn

(i) (ker(A))* = span({en})y or{en}is,)

(i) if N = oo, then lim M, = 0.
n—>-~o0
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Application to the Laplace operator.

Dirichlet boundary condition . Applying the above theorem to H = L?(M) with the operator

AP L2(M) — Hi (M),
AP f— .

(i) AP is positive, let ¢ € L?(M). and ¢ = AP (\¢) such that ¢ is the solution of (1.1.14). We get
(6.4700) = [ 0.6z = [ [VoPdzzo
M M
(i) AP is self-adjoint, let ¢, € L2(M) and ¢ = AP (f), v = AP(\)

D = T = . T = T = D
(b, AP (\p)) = /M<A<z>,w>d /Mw Vid /Mw,@d (M, AP (M)

(iii) the compactness follows from the following theorem

1.2.2 Theorem. (1) For any bounded open set M, the embedding Hi(M) — L?*(M) is
compact.

(1) If M is a bounded open set, with the Lipschitz boundary the embedding H1(M) — L?(M)
is compact.

As consequence of the spectral theorem there exists a Hilbert basis {¢,,} of L?(M), and a positive
sequence {I/n} converging to zero, such that for every n,

D
AV pn = vpn
Since v, is positive for all n and the operator AP is positive, then

(¢naAD¢n) — Vn||¢n||2 > 0

Now from equation(1.1.17) we have

Vn </M(v¢n : V¢)dx> = /M dpipda

1 1

Therefore —A¢,, = — ¢,, which implies that \,, = —. Which implies that there exist orthonormal
Un Vp

basis {¢,} of L?(M), such that —A¢, = A\, ¢n

1.3 Rayleigh Quotient

For the function ¢ € C?(M), we its the define Rayleigh quotient as

D b
Rig)= u[fﬁb |
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To connect the Rayleigh quotient with the eigenvalue problem, consider R(¢ + ev) for 1 € C%(M) and
¢ € C%(M). Then find the critical point of

_ D¢+ e, ¢ + e¢]
fle) = 16+ ol (1.3.1)
at € — 0 where € is any constant. Using equation (1.1.11) into (1.3.1)
flo) = Y@+ V), V(o + )
16+ |2
_ fM (V(g+ €¢))2 dz
fM(¢ + 61/’)2 dx
Then the derivative with respect to € equal to zero at e =0
_ ey 2 Ju(@)?dz) (Jy,(V(¢) - V() da) —2([3,(Ve)*da) (fy,(¢v)dz)
0= f(0)
(fM ¢)? dx)
Arranging the equation above we get
(u(¥(0) ¥ dn) _ (J,(Fo)da) .
a4 (@2 d2)’ (f ov102)
Therefore
f V(Z) da?
| (v v@wydo - U e (/ ov) dx>
= R(9) ( /M<q>w> )
Now using equation (1.1.5), we get
R(o) ([ o0as) = [ (v Tw)de=- [ @a@w)ae
Therefore
/M(A¢+R(¢)¢)wdx 0. (1.3.2)

which gives us A¢ + R(¢)¢ = 0, because equation (1.3.2) is satisfied Vip € C2(M). Thus any critical
point ¢ is an eigenfunction of —A with the eigenvalue R(¢).



2. The Second Chapter

2.1 Theorems on the eigenvalue problems

Neumann eigenvalue problem. For OM # () and M compact and connected, find all real numbers
A for which there exists a non-trivial solution ¢ € C?(M)N C'(M) to

Ap+ Mg =0, (2.1.1)
which satisfy the boundary condition
vp =0, on OM.

Here v is an outward unit normal vector on OM

Dirichlet eigenvalue problem . For OM # () and M compact and connected, find all real numbers
A for which there exists a non-trivial solution ¢ € C?(M) N C°(M) to

Ao+ Ap =0,
satisfying the boundary condition
¢ =0, on OM.
Orthogonality of the eigenfunctions. Let v, 1 be two eigenvalues of respective eigenfunctions ¢, ¥

such that v # p Then ¢ and v are orthogonal to each other, i.e (¢,1) = 0. Since Laplace operator is
self-adjoint operator, then we have

(9, ) = (¥, £g)

we deduce that

(o, ) = v(v, ¢)
Which implies that

(,LL—I/)<¢,77Z)> =0
Which implies the claim.

2.1.1 Remark. The first eigenvalue of Neumann eigenvalue problem is \; = 0 corresponding to to
constant eigenfunction.

2.1.2 Theorem. From equation (2.1.1), the set of the eigenvalues consist of the sequence
0< A <A< +00

and each associated eigenspace is finite dimensional. L?(M) is the direct sum of the all eigenspaces.
Furthermore, each eigenfunction is C*° on M.
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Proof. First, we show that the sequence of the eigenvalues are non-negative, since the eigenfunction ¢
in C?(M) N C°(M) (Dirichlet), or ¢ in C*(M) N C*(M) (Neumann), using Green formula, i.e

_/M¢A¢d:p = /M<V¢,V¢)dw

This implies that

)\/M¢.q5dx = /M Vo|*dx

Therefore
A=l [ [VoPda 0. (2.12)
M

Since the integration (2.1.2) is zero only if ¢ is constant. From the remark above we conclude that
A1 > 0. Now we can list the set of the eigenvalues, considering the multiplicity of the eigenvalues, in
increasing order.

Second we show that L2(M) is the direct sum of all eigenspaces. From the spectrum theorem that
orthonormal sequence {¢,},~, generated the whole space, which means that for all functions f €
L?(M), Satisfy the following

=Y (f09)85  in L(M),
j=1
With corresponding norm
IAIP =D (f: 95)
j=1

O

2.1.3 Theorem. (Rayleigh’s Theorem).For function f € C*°(M)\{0}, let A1, A2, --- be the eigen-
values of A, and first eigenvalue A1, we have

A = inf DIf, f1/1 fII?

if f is eigenfunction of A1, we get exactly 1. Further more, if we let

(fi¢1) == (fidr-1) =0

for complete orthonormal basis {¢,}2°, of L?(M), where ¢, is an eigenfunction of \, we have

A, = inf D[f, f1/| fII*

if f is eigenfunction of A\, we get exactly \.
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Proof. From equation (??) if ¢ is an eigenfunction and f € C°°(M), then

But from the spectral Theorem we have that, any function f € C°°(M), can be written as
o0
f=>_ aje;
j=1
and where «; can be represented as o; = (f, ¢;). Therefore
(o.9]
f=2_ 0o
j=k
with the associated norm
oo
2 2
I =" a3
j=k

Since the symmetric bilinear form is defined as inner product of two vector fields, using this linearity we
can proceed as follows

=D[f, f1-2D | 1.3 ajoi| + D |> 0y, Y ity

j=k j=k j=k
QZO{] f d)] + Z a]az ¢]7¢Z]
i,j=Fk
= DI[f, f] +2Zaj(f, Agj) = Y ajai(s, Agy)
= b=k
= D[f 2ZA j f_i] ;kA jajay @:52)

22)\04 —i—Z)\a

i,j=Fk
f1- ZAJa}
j=k

We deduce that

DIf. 12 Aol

=k
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Since

DIf. f] = (V£ V) = / VP da < co.

M

o
where > )\ja? < 00. Since the eigenvalues are ordered as increasing sequence, A is smallest eigenvalue,

j=k
hence
DIf, 112 Mol > 0> af = A £]1%
=k =k

If f is eigenfunction of A\ then

o0
AP =)o} =ar=1.
j=k

Therefore

DIf. f1= (V£ V) =~(£,AF) = Ml fI?,

which implies the claim. O

2.1.4 Theorem (Max-Min Theorem). . Suppose that
= inf D[f, f1/I /11

and define the space E(M) C H; as the set of functions orthogonal to {vy,va,- - vk_1} in Hi Then
< A

Proof. Suppose that
k
f=2_a0;
j=1

is orthogonal to {vy,ve, - -vk_1}in Hi, and {gf)j}f:l is orthonormal sequence, where ¢; an eigenfunction
of \;, this assumption gives us

Za](¢]7vz):0 Z:1a277k_1 (213)

Thus(2.2.1) is a system of k — 1 equations in k variables aj, j =1,2,--- ,k, then there exist at least
one solution {a;} # 0 of the system. Therefore

k k
Zaj¢jazai¢i Z aza] ¢ja ]
j=1 i=1

i,j=1
K K
== > aia;(¢, Adi) = <A D ad = Nl fI1?
j=1

ij=1

o,
I Mw
I

>

Ly

Which implies that
= inf D[f, 1/l fI* < Ak
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2.2 Domain Monotonicity of the eigenvalues

Dirichlet eigenvalue problem. Suppose that we divide our domain M, into a sequence of sub-domains
{Q;}, such that Q; N Q; = (0,7 # j and consider Dirichlet eigenvalue problem on each of this sub-

domains. Arrange all the eigenvalues of €; as 11 < 1y <,---, and let the eigenvalues of the whole
domain M, under Dirichlet condition are Ay < Ay <,---. Then
e < v Vk

Proof. Let {@/Jj};?:l be the orthonormal sequence in L?(M) of the eigenfunctions of the Dirichlet
eigenvalue problem in M and let's take 1); to be an eigenfunction of the eigenvalue v; in particular
sub-domain, in M, and zero outside. Therefore the function

k
[ = Z a;1;
j=1

can be chosen to be orthogonal to {¢; 5;11 If the system

k

D aj(¢p i) =0 i=1,2,- k-1 (2.2.1)

j=1
has a non-zero solution {a;} # 0, and hence form Mix-Min Theorem we have

Xe > D[S, f1/11 112

But
k k k
j=1 i=1 ij=1
k k k
== ) aia(th, AYy) = > piad < vy ol = v £
ij=1 j=1 j=1
Therefore

)\k S Vi Vk
O

Neumann eigenvalue problem. Suppose we divide our manifold M to complete partitions {€;}7, |
i.e

M=0UQyU---UQ,,.

and satisfy the Neumann eigenvalue problem on each of this partitions. Arrange all the eigenvalues of
{0} as 1 < pp <,---. Then we have

M < Ak vk
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Proof. Let {wj}f;ll be orthonormal sequence of the eigenfunctions in H(M), where that v; is the
solution of the Neumann eigenvalue problem, and let’s take v; to be an eigenfunction of the eigenvalue
i in €;,and zero otherwise. Thus for any function f € #H (M), it is define on all ;. Also by using
Max-Min Theorem, we can find function f, s.t

k
f=Y aj;
j=1

Orthogonal to {%; f;% (¢; is the eigenfunction for A; on M). Therefore

K K K
DIf,fl=D |> aj$;, > citi| = Y aicD[¢;, i)
j=1 i1

ij=1

k k k
= — D w65, Ad) = Y Nad < My ad = NI
j:l j:l

ij=1
k
Now if we let f to be orthogonal to {1; 5;11 in L>(M), then f = " «a;t; and therefore
j=1

DIf. f) =/MHVf||2dw=Z/ﬂ V2 da
=1 i

But

/uwﬁdxzuk/ P da.
Qi Qi

Thus

D “ 2d — 2
AE MkZ/Qf = il

Which implies that

pre < A



3. Third Chapter

3.1 Dirichlet eigenvalue problem on a rectangle

Find the all real numbers A, of non-trivial solution of equation (2.1.1), under Dirichlet boundary condi-
tions, on the rectangle
{0<zx<a, 0<y<b}.

We can rewrite equation (2.1.1) as follows
Guw + Gy +Ap=0 0<z<a, 0<y<bh, (3.1.1)
¢(z,0) = p(x,a) =0 0<z<aq,
¢(0,y) = ¢(b,y) =0  0<y <D,

By using separation of variables, let
¢(z,y) = X(z) - Y(y)
now equation (3.1.1) becomes
KXea(@) - Y(y) + X(2) - Yyy(y) + AX(2) - Y(y) =0

we can write it as

Xpz(z) + AX () _ —Yy(y)
X(z) Y (y)

Since the right hand side depends only one y and the left hand side depends only on x. hence both
sides are equal to some constant,

Xiz(z) + A X () _ —Yyy(y) — U
X(x) Y(y) '

We get two ordinary differential equations
Xpg(@)+ A=) X(z)=0 X(0) = X(a) =0, (3.1.2)
Yyy(y) + 1Y (y) =0  Y(0) =Y (b) =0, (3.1.3)

Solutions of equation (3.1.3), are given by

Y(y) = Asin/uy + B cos\/uy

Substituting the boundary conditions we get B = 0 and

Y(y) = sin/ny
m2m? (3.1.4)
p= =1,2,---

By doing the same steps, we find the solution of equation (3.1.2), with « = A — p, such that

X(z) =siny/ax
2,2 3.15
n72r for m=1,2,--- ( )

o =
n

13
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Therefore from equations (3.1.2) and (3.1.3) the solution of equation (3.1.1) obtained by,

.o .omT
Onm(z,y) = X(z) - Y(y) =sin —a - sin Ty
n2r2  m2n2 a (3.1.6)
Anm = —5— + —05 for nnm=1,2,---
a b

. .. nm .. mm . . . . .
Since sin —x-sin Y orthonormal basis of L?(M), then using Fourier series we can write f € L?(M),
a
as

nm mm

= Cnm in —x - sin ——
f(z,y) Z m S0 —=2 - sin ==y

n,m=1

Therefore
o
2 _ 2
HfH - Z Cn,m
n,m=1
We Generalize the example on rectangle in n-dimension
M={0<z <o, 0<z3<ag--,0<z, <an}

Here equation (2.1.1) can be written as

¢I1I1 + ¢$212 + 4+ bena:n + >\¢ =0 on M, (3.1.7)
qb(xl)O?Oa"'70):¢(x17a27"'7an):0 Olegalv
qb(O,xg,O,--' 70) == Qb(Oé]_,fL’g,O[g,"' 7an) =0 0 S T2 S a2,

#(0,0,--- 2p,) = plag, 9, -+ ;) =0 0<z, <a,
We trying to solve equation (3.1.7), by using septation of variables, then we let
(1, m2) = Xao(21) -+ - Xn(zn) (3.1.8)
We obtain equation (3.1.7) as

X1x1a:1 (xl) ' XQ(SCQ) o Xn(xn) +oF Xl(xl) : XZ(J;Q) o Xn:cn:cn(xn) + )‘Xl('rl) """ Xn(xn) =0

Divide the whole terms in above equation by Xj(x1)----- Xn(zy,) we get
Xlxlau (1'1) + >‘X1(x1) X2:Jc2x2 (552) Xn;v T (xn)
+ o DRI 3.1.9
X1 (x1) Xo(z2) Xn(zn) ( )

Since the term ¢ depend only on the variable x; for 1 < i < n. Let's take a line with constant the
variables z; for 1 < i < n — 1, changing only z,. This will change only the last term, Keeping the
others terms constant. Thus the term n is equal to some constant. Namely

annxn (!Tn)

Xn (xn) = Hn
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Using the boundary conditions for x,,, we get

B k2m?
Mn = Oé%
With
k
Xn(zp) =sin T,
Qp

doing the same argument on the term ¢ taking a line with the constant in the all directions except along
x;, using it is boundary conditions, we get

k272
With
A
Xi(z;) = sin A
;

. k2m? .
Inserting the whole values, u; = ;Z , 2 <14 <n back to equation(3.1.9), we get

k272 k22 k272
o o o
With
k
Xi(x1) = sin Sy
a1

Hence equation (3.1.8) it can be obtain as

kirxy . komxo . knmag,
- sin --.gin

Gk, (21, ,Tp) = sin
aq Qa9 (679
k272 k2np2 k272
o7 Qs ap
1< <n

Since the ¢y, for 1 < i < n are orthonormal bases of L?(M), using Fourier series we obtain

T

o0
. kil . kom§ . kpm .
flay, - xy) = g C, sin L.ogin—=2...sin—" 1<i<n
a a a
Jei—1 n 2 n

With associated norm

oo
IFP=>_Ck, 1<i<n
k;=1



Section 3.2. Neumann eigenvalue problem on a rectangle Page 16

3.2 Neumann eigenvalue problem on a rectangle

Considering Neumann boundary condition, we have

Guw+ by +Ap=0 0<z<a, 0<y<b, (3.2.1)
¢y($70):¢y($,a):0 O<$<a>

By doing the same steps in the Dirichlet boundary condition, is easy to see that

Onm(z,y) =X (z) - Y(y) = cos PR - cos %y
2.2 2,2 @ (3.2.2)

)\n,m:nag +me7r for n,m=1,2,---

Using the same way we can generalise the case of, n-dimension, to get the following solution

klmcl kgﬂ'ﬂ?g knﬂ'l’n
+ COS <+ COS

Sr;(x1,- -+ , ) = cOS
(05} a9 (7%
E2m2 k2n2 k272
)‘ki: 12 _|_272_|_..._|_ ”2_
aj Qs an
1<:<n

3.3 Dirichlet eigenvalue problem on a Disk

Find the all real numbers A, of non-trivial solution of equation (2.1.1), under Dirichlet boundary condi-
tions, on the rectangle
M={0<r<a, 0<6<2r}.

We can rewrite equation (2.1.1) as follows

1 1
Gt Ort gl =—r¢  Osr<a, 0<0<2m, (3.3.1)
#(a,0) =0  0<6<2m.

By using separation of variables, let

¢(r,0) = R(r) - ©(6)

now equation (3.3.1) becomes
1 1
0] (Rrr + Rr> + *2R(I)99 = —R)\®
r r
rearranging to separate the variables, we have

1
7“2 (Rrr + ;Rr + )\R)

_ Py
R )
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Since the right hand side depends only one 6 and the left hand side depends only on 7. hence both
sides are equal to some constant. Therefore we set the following ODEs

Ry + %Rr + (A — %)R —0 R(a)=0, 0<r<a, (3.3.2)
Dpp+ P =0 ®(0) = ¢(2m), 0<60 < 2m, (3.3.3)
Solutions of equation (3.3.3), are given by
®(0) = Asin\/ub + B cos \/ub
The boundary condition gives us \/it =n, n € N. Thus we can write
®,,(0) = Ay, sinnb + By cosnf, n €N

Now equation (3.3.2) becomes
2

1
Ry + Ry 4 (A - %)R =0 R@)=0, 0<r<a (3.3.4)
using change of variables z = v/Ar, we get
AR _dR ds _ qdR &R &R
dr  dx dr dx’ 2 7 dx2

Thus equation (3.3.4), becomes
2*Ryp + 2Ry + (22 —n?)R =0 R(Via) =0, 0<z<Va

This is Bessel differential equation, more information see[A treatise on the theory of Bessel functions]
which has the solution J,,(x), where J,,(z) is the Bessel function of the first kind of order n is defined
by

B = (=1)k 2\ n+2k
Tul2) = ];O Kl(n + k)| (5)

Then the solution of equation (3.3.2), where 2 = v/\r is given by R(r) = J,(v/Ar). Therefore
o(r,0), = Jn(\f)\r) - A, sinnf + B, cosnf, neN

Since from Dirichlet boundary condition we have ¢(a, ) = 0, this implies that J,(v/Xa) = 0 Vn € N,
which deduce that v/Aa is solution of the Bessel function. But .J,(z) has infinitely many positive
solutions see that in figure 3.1, and then we can order them as follows

0<api,<ap2,  <opm<Opmel < --°

Thus /A ma = oy, m, and therefore the eigenvalues of the Dirichlet eigenvalue problem is given by

@ 2
)\nm:( n’m) , n,meN

’ a
With associated eigenfunction.

Gnm(r,0) = Jy <(a,;m) r) - (Ap,msinnd + By, y,cosnbf), neN

the orthogonality of the eigenfunctions, follows from the spectral theorem, so that for all function
h(r,0) € L?(M), we can write the Fourier series as

a

h(r,8) = i Jn ((an’m) 7“) - (Ap,msinnb + By, y, cosnb), n,m e N
nm=1
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Figure 3.1: Bessel function of the first kind J,(x), n=0,1,---,5

3.4 Neumann eigenvalue problem on the Disk

In the case of the Neumann boundary condition

Gnm(1,0) = Ty (\/pr) - (An,msinnb + By, y, cosnb), neN

a¢n,m agbn,m .
Fle e 2 (4,6) = 0

o (r,0) =0 on the boundary i,e

Therefore
(VA)J, (\/1ia) - (Apm Sinnb + By cosnf) = 0

since the eigenvalue is not zero, then

!/
T, (v/ia) = 0
Also the derivative of Bessel function has infinitely many positive solutions, are ordered as
/ / /
0< a1, <o <y < Qg <o n>0
Ozo/n,l,<oz;%2,-~<o/n,m<oz;%m+1<~~- n=20

Thus the eigenvalues of the Neumann eigenvalue problem is given by

al 2
n,m
Hnm = <CL> , n,meN

With associated eigenfunction.

a

/
Grm(r,0) = T <(an,m) r) - (Apmsinnd + By, cosnb), neN



4. The Second Squared Chapter

4.1 Weyl’'s asymptotic formula

In equation(1), Let N(\) be the number of the eigenvalues < A, counted with multiplicity . Then

wn(vol M)AZ

N~ (2m)n

as A — 400
Where w,, is the volume of the unit disk in R™, and vol M is the volume of the manifold. On the other
hand

n (2m)"k

Ap o~ k

% (vol M), as k£ — +o0
Volume of the Ball in n-dimension. Let’s define the area of the sphere (cantered in the origin), in
n-dimension with radius r, to be A(S™ 1)r"~1. And the volume of the ball (cantered in the origin), in
n-dimension with radius 7, to be V(B™)r™. This implies that

V(B™) = [ A(S"Y)r"tdr

a1 (4.1.1)

n

1

n 3
If we have function f : R®™ — R is function of r = (Z x?) ;then.
J

/f(r) (S 1 rdr = / / /fml, L Xp)dxy - dxy,
0 —00 —00
Taking f(r) = e~ then we have,
Snl/eT“dr_// /fxl, ,xp)dxy - dy,
0 —00 —00

In the integral on the left hand side, by substituting u = 2, then du = 2rdr we get

r ey T r(z
A(S™h / iy = (S2 ) /(f“u?ldr = A(S™) (22) (4.1.2)
0 0
and the right hand side of the integral is,
/ / / fz1, - yzp)day -+ - dxy, = / e dr | =nt (4.1.3)
—0o0 —O0 — OO

19
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From equations (4.1.2) and (4.1.3) we get

on2
A(S™h) = 414
™ = 7 (4.1.4)
From (4.1.1) and (4.1.4) we get
T2 R" w:R"
V(B") = 5=y = 7 (4.1.5)
301G (7))

Volume of the Ellipsoid in n-dimension. The equation of the ellipsoid in n-dimension is given as

2
xl
E = -1
By substituting & = & in equation (4.1.3), we get
Q;
// /f§17 >§nd§1d£n

n

=1

«; (/ 6_52dx l_IaZ
Hence from equation (4.1.5), with radius R = 1 the volume of ellipsoid V' (E™) given by,

ol

ﬂ
2

w\:

4.2 proof of Weyl’s Asymptotic Formula on rectangle in n-dimension

From the above example, we had our eigenvalue given by the formula

n’n?  m?n?

An’m:7+b72 for n,m:1,2,“'
But this in two dimension where M = {0 < z < a, 0 <y < b}. We count the total number, of
eigenvalues with multiplicity A, ,, < A. which mean that

n?m?  m2r? <\
a? + b2
Rearranging the above equation we get
2 2
n m
5 + 5 < L. (4.2.1)
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But equation (4.2.1) is an equation of an ellipse. From the diagram of an ellipse and visualise where
the eigenvalues are in the diagram. Since the eigenvalues for all m,n = 1,2,---, it implies that all
the eigenvalues are located in the first quadrant of the diagram, the total number of the eigenvalues
asymptomatically occupies quarter of the area of the ellipse. The total area of our ellipse is

ﬂ_(b\ﬂ}Lﬁ) _ ab)\

m T 7T

and so. the number of the eigenvalues is approximately equal to a quarter of this area , which is thus

abA
N~

Comparing this result in R? with Weyl's Formula, we set for Vol M = ab and wy = 7 therefore

abA

We Now generalise the proof to R™. Where our rectangle is

M:{nglgala OSxQSO[Za"'aOanSan}

and it is volume given as

n
Vol M =[] o
i=1
The eigenvalues are given as
1{22 2 k2 2 k‘2 2
Ak, = 17; +2772r+--~+ ";T for k;=1,2,--- wherei=1,2,---,n
af a5 a?
Also counting total number, of the eigenvalues with the multiplicity Ay, < A wherei =1,2,--- ,n we
have
k2 2 k2 2 k2 2
17; + 27; + 4 ”;r <A for k;=1,2,--- wherei=1,2,--- ,n
o7 @5 )
And rearranging, gives us
k2 k2 k‘2
L + 2 s+t ——r5<1 for k;, =1,2,--- wherei=1,2,--- ' n

= (9
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But this is the equation of the an ellipsoid in n-dimension. Also since k;are positive where ¢t = 1,2,--- ., n.

o : . 1
it implies that the total number of the eigenvalues occupies the volume of on of the total volume of

the ellipsoid. The volume of our ellipsoid is given as

H aiv/A wherei =1,2,--- ,n
(%)' T

V(E") =

1
Therefore on of this volume is

N(X) N;n{éi)ln (alf>} wherei =1,2,--- ,n

rearranging the equation above we get

7 A2 ]
N(A) N(%)! Hai‘ (2n) wherei =1,2,--- ,n

=1

Therefore the proof of Weyl's Formula on a rectangle in R™ is complete.

4.3 Nodal domain theorem

4.3.1 Definition. Let ¢ : M — R be an eigenfunction of Laplacian operator, we define the nodal
sets (lines) by the set of points in M, such that

N={zxe M:¢p(x)=0 k=1,2,---}.
and the nodal domain is define by M\N.

4.3.2 Example. The eigenfunction, of Dirichlet eigenvalue problem, on the interval (0, a), is given by

{r=—: n=12---k—-1}
From the Dirichlet boundary condition, note that z = 0 and z = a are not in the nodal set.

4.3.3 Example. Consider the example on rectangle with a = b = 7 then we get

(bm,n(l',y) = sinnxsin my
/\mm:n2_~_mj27 m,n=12,---

Now we can order the eigenvalues as increasing sequence with multiplicity. Note that, there are eigenval-
ues with multiplicity more than one; for example A1 2 = A2 1 = 5 and A; 3 = A3 = 10, so the common
eigenfunctions of these kind of eigenvalues we can be written as a linear combination. For example,
the eigenfunction of the eigenvalue A = 5 is A sin x sin 2y + B sin 2x sin iy and the eigenfunction of the
eigenvalue A = 10 is Asinxsin3y + Bsin3xsiny. Therefore, we can order the eigenvalues with the
corresponding eigenfunctions as follows:
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An Pn

2 Asinzsiny

5 Asinzsin 2y + Bsin 2z siny
8 A'sin 2z sin 2y

10 | Asinzsin3y + Bsin3zsiny
13 | Asin2xsin 3y + Bsin 3z sin 2y

The nodal lines of the eigenfunction with the eigenvalues of the multiplicity one are given by:

Nz{(m,y) :xz%,yz%, (1<n'<n, n=kn), A1<m' <m, m=Im') k,lGN}.
but the nodal lines of the eigenfunction with the eigenvalues of the multiplicity two, are coming from
the zeros of the eigenfunctions which is linear combination of two functions. Now if one of the two
coefficients is zero, we obtain the case of one multiplicity, but if we have a case other than zero it
becomes too complicated. As examples in Figure 2 and Figure 3, we show the nodal lines and nodal
domains of the eigenvalues A = 10 and A = 13 respectively for different values of the coefficients.

Figure 4.1: The nodal lines of the eigenvalues A = 10

(a) sin3xsiny (b) sinzsin3y —sin3zsiny (c) sinzsin3y — &sin3zsiny

Figure 4.2: The nodal lines of the eigenvalues A = 13

(a) sin3zsin2y (b) sin3zsin2y + sin 2z sin 3y (c) 4 sin3zsin2y + 3sin 2z sin 3y
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4.4 Courant Nodal domain Theorem
4.4.1 Theorem. Let ¢, k > 2 be the k-th eigenfunction of the Laplacian operator,corresponding to
the k-th eigenvalue with the multiplicity, then ¢y, has at least two(2) and at most k nodal domains.

4.4.2 Corollary. The first eigenfunction ¢ has constant sign and the corresponding eigenvalue has
multiplicity 1, and the second eigenfunction ¢ divides the domain M precisely into 2 pieces.

Proof. From the Max-Min theorem we have that

NN
1]

Now let's take |¢1| in the state of ¢1, we get the same value for A\; and then ¢; = |¢1], this implies the
claim that the first eigenfunction has constant sign and its corresponding eigenvalue has multiplicity 1.
From the orthogonality of ¢2 to ¢; we have that

/M P1¢2dz = 0,

Since we have shown that ¢; has constant sign, ¢, has to change its sign in M and since ¢ is
a continuous function then it has zero some where in the domain M and it divides the domain M
precisely into two pieces. O

4.4.3 Corollary. Let 2, C M be nodal domain of an eigenfunction ¢;, corresponding to the eigenvalue
Ak, under Dirichlet boundary condition. Then

Me(M) = M (2)

Proof. Since €2 is the nodal domain of the eigenfunction ¢, then

—Agp = \por in Q
o =0 on 0%y

and since ¢y has constant sign in €2, this means that ¢y is the first eigenfunction in Q,so that A\i (M)
is first eigenvalue in O
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