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The Problem

@ The Einstein-Yang-Mills-Higgs (EYMH) equations, as they stand, do
not form an evolution system.
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The Problem

@ The Einstein-Yang-Mills-Higgs (EYMH) equations, as they stand, do
not form an evolution system.
o Need of gauge conditions to transform them to an evolution system.
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The Problem

@ The Einstein-Yang-Mills-Higgs (EYMH) equations, as they stand, do
not form an evolution system.
o Need of gauge conditions to transform them to an evolution system.
@ The gauge conditions must display the following properties :
© whenever they are fulfilled in the space-time, the EYMH equations
reduce to a nonlinear hyperbolic system, called the evolution system.
@ whenever the associated evolution system is satisfied in the
space-time and the gauge conditions are fulfilled on the initial null
hypersurfaces (that carry the initial data), then these gauge

conditions and the complete EYMH system are satisfied in the
space-time.

Calvin TADMON calvin.tadmon@up.ac.za; tadmonc@yahoo.fr Construction of initial data for the EYMH system



The problem
Introduction The motivation and physical interest
The features of the characteristic problem
The present state of works
Aim and tools
Organization of the lecture

The Problem

@ The Einstein-Yang-Mills-Higgs (EYMH) equations, as they stand, do
not form an evolution system.
o Need of gauge conditions to transform them to an evolution system.
@ The gauge conditions must display the following properties :
© whenever they are fulfilled in the space-time, the EYMH equations
reduce to a nonlinear hyperbolic system, called the evolution system.
@ whenever the associated evolution system is satisfied in the
space-time and the gauge conditions are fulfilled on the initial null
hypersurfaces (that carry the initial data), then these gauge
conditions and the complete EYMH system are satisfied in the
space-time.
@ The study of the initial value problem for the EYMH equations then
splits into two parts :
© The evolution problem, which amounts to solving the reduced
nonlinear hyperbolic system obtained from the EYMH system thanks
to the choice of the gauge conditions.
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The Problem

@ The Einstein-Yang-Mills-Higgs (EYMH) equations, as they stand, do
not form an evolution system.
o Need of gauge conditions to transform them to an evolution system.
@ The gauge conditions must display the following properties :
© whenever they are fulfilled in the space-time, the EYMH equations
reduce to a nonlinear hyperbolic system, called the evolution system.
@ whenever the associated evolution system is satisfied in the
space-time and the gauge conditions are fulfilled on the initial null
hypersurfaces (that carry the initial data), then these gauge
conditions and the complete EYMH system are satisfied in the
space-time.
@ The study of the initial value problem for the EYMH equations then
splits into two parts :
© The evolution problem, which amounts to solving the reduced
nonlinear hyperbolic system obtained from the EYMH system thanks
to the choice of the gauge conditions.
@ The constraints problem.
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The Problem

e What is the constraints problem ?
Due to the gauge conditions the data for the reduced EYMH system
can not be given freely. It is necessary to construct, from arbitrary
choice of some components of the gravitational potentials (called
free data) on the initial null hypersurfaces, all the initial data such
that the solution of the reduced EYMH system with those initial
data satisfies the gauge conditions on the initial null hypersurfaces.
The construction of such data is referred to as the resolution of the
constraints problem.
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The Problem

e What is the constraints problem ?
Due to the gauge conditions the data for the reduced EYMH system
can not be given freely. It is necessary to construct, from arbitrary
choice of some components of the gravitational potentials (called
free data) on the initial null hypersurfaces, all the initial data such
that the solution of the reduced EYMH system with those initial
data satisfies the gauge conditions on the initial null hypersurfaces.
The construction of such data is referred to as the resolution of the
constraints problem.

@ Here we use harmonic gauge and Lorentz gauge conditions to solve
the constraints problem on two intersecting smooth null
hypersurfaces.
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The motivation and physical interest

@ In Cosmology data on a null cone represent observable quantities in
the universe better than data on spacelike hypersurfaces (cf.
Hawking and Ellis (1973), Rendall (1990)).
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The motivation and physical interest

@ In Cosmology data on a null cone represent observable quantities in
the universe better than data on spacelike hypersurfaces (cf.
Hawking and Ellis (1973), Rendall (1990)).

@ In General Relativity (GR), specified hypersurfaces ( horizons, null
cones, etc. .. ) on which data are posed are rather characteristic than
spacelike (cf. Hawking and Ellis (1973)).
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The motivation and physical interest

@ In Cosmology data on a null cone represent observable quantities in
the universe better than data on spacelike hypersurfaces (cf.
Hawking and Ellis (1973), Rendall (1990)).

@ In General Relativity (GR), specified hypersurfaces ( horizons, null
cones, etc. .. ) on which data are posed are rather characteristic than
spacelike (cf. Hawking and Ellis (1973)).

@ The characteristic problem is quite natural in the case of shock
waves where discontinuities necessarily appear on characteristics (cf.
Friedlander (1975)).
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The motivation and physical interest

@ In Cosmology data on a null cone represent observable quantities in
the universe better than data on spacelike hypersurfaces (cf.
Hawking and Ellis (1973), Rendall (1990)).

@ In General Relativity (GR), specified hypersurfaces ( horizons, null
cones, etc. .. ) on which data are posed are rather characteristic than
spacelike (cf. Hawking and Ellis (1973)).

@ The characteristic problem is quite natural in the case of shock
waves where discontinuities necessarily appear on characteristics (cf.
Friedlander (1975)).

o Characteristic initial value problems are fundamental in the theory of
black holes formation in GR (cf. Christodoulou 2009).
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The motivation and physical interest

@ In Cosmology data on a null cone represent observable quantities in
the universe better than data on spacelike hypersurfaces (cf.
Hawking and Ellis (1973), Rendall (1990)).

@ In General Relativity (GR), specified hypersurfaces ( horizons, null
cones, etc. .. ) on which data are posed are rather characteristic than
spacelike (cf. Hawking and Ellis (1973)).

@ The characteristic problem is quite natural in the case of shock
waves where discontinuities necessarily appear on characteristics (cf.
Friedlander (1975)).

o Characteristic initial value problems are fundamental in the theory of
black holes formation in GR (cf. Christodoulou 2009).

@ The EYMH system is a physically interesting model in GR and
Gauge field Theory (cf. A. Balakin et al (2008) for review an basic
references).
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The peculiarity of the characteristic problem

o Existence of free data i.e., a set of quantities that can be given
independently of each other and that determine the solution
uniquely.
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The peculiarity of the characteristic problem

o Existence of free data i.e., a set of quantities that can be given
independently of each other and that determine the solution
uniquely.

@ For second order systems, the first derivatives of the unknown
function are not given on the null hypersurfaces, they are obtained
through propagation equations.
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The peculiarity of the characteristic problem

o Existence of free data i.e., a set of quantities that can be given
independently of each other and that determine the solution
uniquely.

@ For second order systems, the first derivatives of the unknown
function are not given on the null hypersurfaces, they are obtained
through propagation equations.

@ The order of differentiability of the initial data is considerably higher
than that of the solution.
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The peculiarity of the characteristic problem

o Existence of free data i.e., a set of quantities that can be given
independently of each other and that determine the solution
uniquely.

@ For second order systems, the first derivatives of the unknown
function are not given on the null hypersurfaces, they are obtained
through propagation equations.

@ The order of differentiability of the initial data is considerably higher
than that of the solution.

@ For the Einstein equations, the constraints reduce to explicit ordinary
differential equations instead of the elliptic PDEs which arise when
the classical Cauchy problem is considered (cf. Lecture 3 of Pollack).
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Some works on the topic

@ In 1990 Rendall published a C existence and uniqueness result for
the characteristic Einstein equations in vacuum and with relativistic
perfect fluid source.

Calvin TADMON calvin.tadmon@up.ac.za; tadmonc@yahoo.fr Construction of | data for the EYMH system



The problem
Introduction The motivation and physical interest
The features of the characteristic problem
The present state of works
Aim and tools
Organization of the lecture

Some works on the topic

@ In 1990 Rendall published a C existence and uniqueness result for
the characteristic Einstein equations in vacuum and with relativistic
perfect fluid source.

@ In 1990 Miiller Zum Hagen solved, in weighted Sobolev spaces, the
Goursat problem for linear hyperbolic systems of second order.
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works on the topic

@ In 1990 Rendall published a C existence and uniqueness result for
the characteristic Einstein equations in vacuum and with relativistic
perfect fluid source.

@ In 1990 Miiller Zum Hagen solved, in weighted Sobolev spaces, the
Goursat problem for linear hyperbolic systems of second order.

@ In 2010 Dossa and Tadmon generalized the results of Miiller Zum
Hagen by solving, in weighted Sobolev spaces, the Goursat problem
for a class of quasilinear hyperbolic systems of second order. They
applied the obtained result to the Einstein-Yang-Mills-Higgs
equations.
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works on the topic

@ In 1990 Rendall published a C existence and uniqueness result for
the characteristic Einstein equations in vacuum and with relativistic
perfect fluid source.

@ In 1990 Miiller Zum Hagen solved, in weighted Sobolev spaces, the
Goursat problem for linear hyperbolic systems of second order.

@ In 2010 Dossa and Tadmon generalized the results of Miiller Zum
Hagen by solving, in weighted Sobolev spaces, the Goursat problem
for a class of quasilinear hyperbolic systems of second order. They
applied the obtained result to the Einstein-Yang-Mills-Higgs
equations.

@ Some other works on characteristic initial value problem have been

achieved by Christodoulou, Choquet-Bruhat, Chrusciel,
Martin-Garcia, Cabet, Houpa, Seifert, Lefloch, Stewart, etc.
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Goal and methods

o Goal

o Resolution of the constraints problem associated to the EYMH
system, i.e., the construction, from arbitrary choice of some
components of the unknown gravitational field and Yang-Mills
potential (called free data) on the initial null hypersurfaces, of the
complete set of initial data for the reduced EYMH system such that
the harmonic gauge and the Lorentz gauge conditions are satisfied
on the initial null hypersurfaces.
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Goal and methods

o Goal

o Resolution of the constraints problem associated to the EYMH
system, i.e., the construction, from arbitrary choice of some
components of the unknown gravitational field and Yang-Mills
potential (called free data) on the initial null hypersurfaces, of the
complete set of initial data for the reduced EYMH system such that
the harmonic gauge and the Lorentz gauge conditions are satisfied
on the initial null hypersurfaces.

@ The main tools

e Hierarchical process developed by Rendall to solve the constraints
problem for the Einstein equations in vacuum and with perfect fluid
source.

o Known existence and uniqueness theorems for ordinary differential
equations.
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The outline

@ Section 2 : The Einstein-Yang-Mills-Higgs System.
@ Section 3 : The Constraints Problem for the EYMH System.
@ Section 4 : Conclusion and future challenges.
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The Einstein-Yang-Mills-Higgs System Geometric Tools and Notations
The EYMH Equations

Notations

@ Roman indices vary from 1 to 4.

@ Standard convention of summing over repeated indices is used, i.e.,

4
uivh =S v
i-1
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Geometric framework

L denotes a compact domain of R* with a piecewise smooth boundary
OL, G and G? are two 3-dimensional surfaces such that G C L for
w =1, 2. We assume that G are defined by

G ={xelL:x*=0}, w=1, 2, (2.1)

where x = (x?) = (x},...,x*) is the global canonical coordinates system
of R*. In addition we suppose that G* U G2 C JL, and set

7(x) = x}+x2, Ty =supr (x). (2.2)
x€eL

For t € [0, Ty, define
Le={xelL:0<7(x)<t}, G ={xeG¥:0<7(x)<t}. (2.3)

Remark The initial data will be constructed on G+ U G2, for T € (0, Ty].
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The Yang-Mills potential

@ The basic geometric object is a space-time (M, g) i.e., a
4—dimensional manifold M equipped with a Lorentzian metric g of
signature — + ++.
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The Yang-Mills potential

@ The basic geometric object is a space-time (M, g) i.e., a
4—dimensional manifold M equipped with a Lorentzian metric g of
signature — + ++.

@ A Yang-Mills potential is usually represented by a 1—form A defined
on M with values in the Lie algebra G of a Lie group G.

@ We assume that the Lie group G admits a non-degenerate
bi-invariant metric (it is the case if G is the product of Abelian and
semi-simple groups).
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The Yang-Mills potential

@ The basic geometric object is a space-time (M, g) i.e., a
4—dimensional manifold M equipped with a Lorentzian metric g of
signature — + ++.

@ A Yang-Mills potential is usually represented by a 1—form A defined
on M with values in the Lie algebra G of a Lie group G.

@ We assume that the Lie group G admits a non-degenerate
bi-invariant metric (it is the case if G is the product of Abelian and
semi-simple groups).

@ The Lie algebra G admits then an Ad-invariant non degenerate scalar
product, denoted by a dot “.", which enjoys the following property

f.lk. 1] = [f.k].I, Vf k.1 €G. (2.4)
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The Yang-Mills potential

Here [,] denote the Lie brackets of the Lie algebra G.
It is assumed that G is an N-dimensional R-based Lie algebra.

For simplicity (x),_,
and (e/),; .y denotes an orthogonal basis of G.

. also denote the local coordinates in M

Then the Yang-Mills potential is locally defined as follows

A= A,{dx'- ® €7, with A,! M —=R.
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The Yang-Mills and Higgs fields

@ The Yang-Mills field is the curvature of the Yang-Mills potential. It is
represented by a G-valued antisymmetric 2—form F defined on M by

1
F=dA+ 5 [AA]. (2.5)
In the local coordinates (x') and basis (&) the above equality (2.5)
reads
Fl=ViAl - VAl + (AL A = VAL - VAL 4 C Al AK,
or in the summary form
F,'j = V,‘Aj — VJ'A,' + [A,',Aj] .

@ The Higgs field is represented by a G-valued function ¢ defined on
M. In the local basis (g;), ® is defined as follows

¢ = d'ey, with ' : M — R,
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The Einstein-Yang-Mills-Higgs System Geometric Tools and Notations
The EYMH Equations

The complete form of EYMH system

o In the local coordinates (x') on M, the EYMH system reads as
follows : )
Ri — 2Rei=py.
ViFY =1, (2.6)
ViV'e =H.
o Here R;; and R are, respectively, the Ricci curvature and the scalar
curvature of the metric g.
o F¥ are the contravariant components of the Yang-Mills field (here
and throughout the lecture, indices are raised or lowered w.r.t. the
space-time metric g, e.g., Fi = ggi®F,;).
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The complete form of EYMH system

o ® is the Higgs field.
@ pj; is the stress-energy or the energy-momentum tensor, defined by

1
pij = ik~Fj k Zg;ij/.Fkl + ¢,’j, (27)
where
~ = 1 ~ ~k 2
05 = Vi9.V;0 — Sg; (Vio.V 0+ V (97))

V being a C* real valued function defined on R (often called the
self interaction potential), and ®? = ®.¢.
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The EYMH Equations

The complete form of EYMH system

o J¥ is the Yang-Mills current defined by
k ~k
JK(A, &, D) = {CD,V q>} , (2.8)

where D = (%);:17.. 4

)

o Vis the gauge covariant derivative or the Yang-Mills operator,
acting on ® and FY as follows :

Vio = V0 + [A;, 0], VFI=vV;Fi 4 [A;, Fi].
o H is the Higgs potential ; it is a C° G-valued function given by
H (®) = V' (¢2) &' (2.9)

where V' is the derivative of V.
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The EYMH Equations

The complete form of EYMH system

Remark
@ (i) Due to the Bianchi identities, it is easy to see that : if the EYMH
system (2.6) is satisfied, then the stress-energy tensor p;; given by
(2.7) and the current J? given by (2.8) satisfy the following
conservation laws R
viph =0, ViJ=o. (2.10)
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The complete form of EYMH system

Remark

@ (i) Due to the Bianchi identities, it is easy to see that : if the EYMH
system (2.6) is satisfied, then the stress-energy tensor p;; given by

(2.7) and the current J? given by (2.8) satisfy the following
conservation laws

Vil =0, ViJ=o. (2.10)
o (ii) Due to the expression (2.8) of J?, the Higgs potential H must
satisfy the following algebraic structural condition
[H(®), ] =0. (2.11)
The relation (2.11) is fulfilled by H (®) given by (2.9).
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The complete form of EYMH system

Remark
@ (i) Due to the Bianchi identities, it is easy to see that : if the EYMH
system (2.6) is satisfied, then the stress-energy tensor p;; given by
(2.7) and the current J? given by (2.8) satisfy the following
conservation laws R
viph =0, ViJ=o. (2.10)

o (ii) Due to the expression (2.8) of J?, the Higgs potential H must
satisfy the following algebraic structural condition

[H (@), ] = 0. (211)

The relation (2.11) is fulfilled by H (®) given by (2.9).

o (iii) If the YMH system is satisfied then a direct calculation shows
that the conservation laws (2.10) are fulfilled by the stress-energy
tensor given by (2.7) and the current given by (2.8), for H ($)
given by (2.9). It results that the EYMH system is_coherent.
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The EYMH Equations

The reduced form of EYMH system

@ It is a well known fact that system (2.6) is not an evolution system
as it stands.

@ In order to reduce it to an evolution system, one needs to impose to
the unknown functions (the components of the unknown metric and
those of the unknown Yang-Mills potential) some supplementary
conditions called gauge conditions or to choose a special or preferred
system of coordinates.

@ In the present lecture we will use the Lorentz gauge condition and
the harmonic coordinates which were historically the first special
coordinates (e.g., in 1952, Choquet-Bruhat used these special
coordinates to prove the local well-posedness of the vacuum Einstein
equations).
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The EYMH Equations

The harmonic gauge and the Lorentz gauge conditions

Definition

i
Let (x )i:l,..., .
with a Lorentzian metric g. (x’),_, , are called harmonic coordinates if
they satisfy the following equation

. be local coordinates on a 4 — d manifold M endowed

Ogx' =0, i=1,23,4, (2.12)

where [, = V V¥ is the geometric wave operator, V representing the
covariant derivative relative to the metric g.
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The harmonic gauge and the Lorentz gauge conditions

Definition

Let (X')i:1,,,., i
with a Lorentzian metric g. (x’)'.:1
they satisfy the following equation

. be local coordinates on a 4 — d manifold M endowed
, are called harmonic coordinates if

Ogx' =0, i=1,23,4, (2.12)

where [, = V V¥ is the geometric wave operator, V representing the
covariant derivative relative to the metric g.

Let (x7),

i=1,...,

with a Lorentzian metric g. Recall the definition of the Christoffel symbols

, be local coordinates on a 4 — d manifold M equipped

1
Fh = 58" (8mji + gmij — &im)
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The EYMH Equations

The harmonic gauge and the Lorentz gauge conditions

and set

k _ _ijrk
r —g"l_"j,

(2.13)

where gii denotes the inverse of gij» and the subscript “,” denotes partial

derivative, e.g., gmj.i = 3;’;",!". It is easy to see by a simple calculation that

(2.12) is equivalent to the following so-called harmonic gauge condition

rk=o0, vk =1,...,4 (2.14)
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The harmonic gauge and the Lorentz gauge conditions

and set
k _ _ijrk

where gii denotes the inverse of gij» and the subscript “,” denotes partial

derivative, e.g., gmj.i = B;’TX";". It is easy to see by a simple calculation that

(2.12) is equivalent to the following so-called harmonic gauge condition

ol (2.14)

We now define the Lorentz gauge condition.

Definition

Relative to the coordinates (x")l.=1 ,+ the Yang-Mills potential A
satisfies the Lorentz gauge condition if

A=V,A =0 (2.15)

Calvin TADMON calvin.tadmon@up.ac.za; tadmonc@yahoo.fr

Construction of initial data for the EYMH system



The Einstein-Yang-Mills-Higgs System Geometric Tools and Notations
The EYMH Equations

Reduction of the EYMH system

Let us now consider the complete Einstein-Yang-Mills-Higgs equations
(2.6) in arbitrary local coordinates (x")’.:1 4 The following proposition
provides the reduction of the EYMH equat’ioﬁs, with unknowns

(&ij» Ap, ®) , modulo the harmonic gauge and the Lorentz gauge
conditions.

Proposition 2.1. Let (gjj, Ap, ) be such that the complete EYMH
equations (2.6) are satisfied together with the harmonic gauge condition
(2.14) and the Lorentz gauge condition (2.15). Then (gj;, Ap, ) solves
the following system of reduced EYMH equations :

le = Tij (gaAa ¢7 ng DA) D¢) )
LA, = J, (A &, DO), (2.16)
So=H(®).
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Here

Rj=Rj—3 (gkirf} +gkjrf<,-)

= —38""gj mk + Qu(g, Dg),

rij = FiF; % — LgiFuF + Vi0.V;0 + 1g;V (92),

LA, = g,,,v Fii 4 (A A+ r'A, »)
= g% Ap i +g,,Ak,+g [Ak, Ap] ; (2.17)
+gp (&' gﬂ)ﬁ, [Ark — Acs + [Ac Al
+ 8ol ™ + 5oV P + g [Ai, F]

SO=V,V o+, —[A, 0]

= glid;+2 [A,-,V'kb} + [An [AT, 0]
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and Qj is a rational function of its arguments depending quadratically on
Dg, given by

Qij (g, Dg) = 5 (gkij + 8ii,i) T + 388" (Gok.i&im,1 + Gnk,i&jm.1)
1 __k ! 1 _k !
— 288" 8kn,i&Imj — 588" Gmn.k (&1j,i + &iij — &ij1)

+ 38" 8" 8km 1 (8inj + &ini — &ijn) — 588" 8kin (&.m — Emi.1)
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Reduction of the EYMH system

Remark
o (i) Thanks to (2.17), any solution (gjj, Ap, ®) of the reduced EYMH
system (2.16) that satisfies the constraints T* = g'Tf. = 0 and
A = V;A" =0 is also a solution of the complete EYMH system
(2.6).
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Reduction of the EYMH system

Remark

o (i) Thanks to (2.17), any solution (gjj, Ap, ®) of the reduced EYMH
system (2.16) that satisfies the constraints T* = g'Tf. = 0 and
A = V;A" =0 is also a solution of the complete EYMH system
(2.6).

o (ii) For the constraints T = 0 and A = 0 to be satisfied
everywhere, it is enough that they are satisfied on G' U G? : one
uses the Bianchi identities to show that (T*, A) solves a second
order homogeneous linear system.
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The Einstein-Yang-Mills-Higgs System Geometric Tools and Notations
The EYMH Equations

Reduction of the EYMH system

Remark

o (i) Thanks to (2.17), any solution (gjj, Ap, ®) of the reduced EYMH
system (2.16) that satisfies the constraints T* = g'Tf. = 0 and
A = V;A" =0 is also a solution of the complete EYMH system
(2.6).

o (ii) For the constraints T = 0 and A = 0 to be satisfied
everywhere, it is enough that they are satisfied on G' U G? : one
uses the Bianchi identities to show that (T*, A) solves a second
order homogeneous linear system.

o (iii) The reduced EYMH system (2.16) constitutes the evolution
system associated to the EYMH system (2.6).
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Reduction of the EYMH system

Remark

o (i) Thanks to (2.17), any solution (gjj, Ap, ®) of the reduced EYMH
system (2.16) that satisfies the constraints T* = g'Tf. = 0 and
A = V;A" =0 is also a solution of the complete EYMH system
(2.6).

o (ii) For the constraints T = 0 and A = 0 to be satisfied
everywhere, it is enough that they are satisfied on G' U G? : one
uses the Bianchi identities to show that (T*, A) solves a second
order homogeneous linear system.

o (iii) The reduced EYMH system (2.16) constitutes the evolution
system associated to the EYMH system (2.6).

o (iv) Solving the constraints problem consists in constructing, from
arbitrary choice of some components of the gravitational potentials
and Yang-Mills potential (called free data) on G* U G2, all initial
data for the reduced EYMH such that the constraints I = 0 and
A = 0 are satisfied on G U G? for the solution of the corresponding

21V/e) O
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The Constraints Problem for the EYMH System Construction of g1 on G},— and Arrangement of Relation I'* = 0

The objective and assumptions on free data

@ The goal here is to construct C* initial data for the reduced EYMH
system such that the constraints I = 0 and A = 0 are satisfied on
G U G2 for the solution of the corresponding evolution problem,
where G! and G2 are defined in (2.1).

@ The problem is addressed in three main steps through a judicious
adaptation of the hierarchical method set up by Rendall to
construct, for the Einstein equations in vacuum and with perfect
fluid source, C* data satisfying the harmonic gauge conditions
r"=0on G'U G2

@ The construction of the data is done fully on G and it will be clear
that data on G2 are constructed in quite a similar way.

@ The novelty here is that the data are constructed for the EYMH
model whereas those of Rendall were constructed either for the
vacuum Einstein or Einstein-perfect fluid models. Moreover all
calculations, though very tedious and lengthy, are performed in
details.
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The objective and assumptions on free data

@ The result presented in this lecture constitutes an important step
towards the global resolution, by adapting recent methods developed
by Lindblad and Rodnianski, and Svedberg to study ordinary
(spacelike) Cauchy problems for Einstein equations in vacuum and
Einstein-Maxwell-Scalar field system respectively, of the Goursat
problem associated to the EYMH equations in spaces of functions of
finite differentiability order.

@ The construction will be made in a standard harmonic coordinates
system.

@ For the sake of completeness we recall the implementation of the
method of Rendall to construct C* initial data on G for the
characteristic EYMH system.

@ Proofs, that were missing, of some key propositions used in previous
works are given with details (see Propositions 3.1, 3.5, and 3.8).
Those proofs contribute to enlighten the aforementioned previous
works and make them more accessible to a larger audience.
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First step

From now on, Greek indices vary from 3 to 4, unless otherwise stated.
We assume the following conditions for the free data

&2 =g3=gua=0, Ay=0on G}, (3.1)
®, A; and Ay are given C* functions on Gi. :

Let T € (0, To], (hap) @ matrix function with determinant 1 at each
point of G7. Set go5 = Qh,p, where Q > 0 is an unknown function
called the conformal factor. From the free data given above in (3.1) one
easily sees that the following algebraic relations hold on G

g12g12 — 1, gll _ gla — 0’ g2ﬁg(xﬂ — 7g12g1a’ g}\ggaﬁ — 63)4\
(3.2)
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First step

At this step of the construction process, we need the expression of Ry, as
well as that of 79,.

Proposition 3.1. On G the following equalities hold
Roz = 38"28°gap 2 (28122 — £22.1) + 4g2 &2~ 3 (8*78as, 2)

T2 = QP A, 5. Ago + (0)°
(33)
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Proof of Proposition 3.1

By definition of the Ricci curvature, it holds that
Rao = r’2(27k - rgk,z + ThThy — T3 T (3.4)

We compute each term of the r.h.s of (3.4) on G by using the
conditions (3.1) and (3.2) to gain
2r%2,1 = g,llm (282m2 — &22,m) + &8 (282m.21 — 822, m1)
= g4 (2812 — 821) + 8% (822.21),

215, = 85" (28m2 — &2.m) + 8" (282m 22 — 822,m2)
= g5 (28212 — 822,1) + 8" (282122 — 822,12) ,
2rg2,a = gfém (2g2m,2 - g22,m) +gam (2g2m,2a - g22,m(x) = 07 o = 3; 4.
Thus
250 = (81 + &%) (28122 — £22,1) + 28" 812.20. (3.5)
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By expanding the equalities (g'g2;) ; = 0 and (g% gai) , =0 on G, we
get the respective equalities

2
g7111 == (g12) 8221, (3.6)
and )
g5 =—(8%) g2 3.7)
Then, considering (3.5), (3.6), and (3.7), we obtain
2
250 = — (8"%) (8122 + 822.1) (28122 — £22.1) + 28281222 (3.8)

Similarly, we obtain
2 (e}
25 = —2(8"%8122) +28 81220 + (%8s 2) , - (3.9)

(3.8) and (3.9) yield

1 2 1, .
Mook — Tk = 5 (&%) &22,1 (8221 — £122) — 5 (&*78ap,2) ,- (3.10)
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Proof of Proposition 3.1

It also holds that
ATFThy =4 (TF T o + THol 3, + TR TS)
Straightforward computations on G give

2}, =0, 25, =g"2 (28122 — &21), 25 =
2N, = g%, 2M5, = 8%gap2-
This implies
2F’,§2 = 2g12g1272 + gaﬁgaﬁ,z
Thus

4F rzz = (2g12,2 — 8221) (2g12g12,2 + go‘ﬁgag,z) . (3.11)
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Proof of Proposition 3.1

In the same way we have
ATE T, =4 (F’{J%k + 505 + rgar§k> )

with

ATl = 4 (Mol + 13 r12 + T r2a) (g% g2, 1) )

2

AT5,T5 = 4 (T35T 55 4 3,15, M) = (8" (28122 — g22.1)] ",
4[_[2(@ o = 4 (r%a S+ M55 + F r2ﬁ> = (g & a 2) (&“"gup,2)
as simple calculation on G shows that

r%z = rza =I5 =0, 2ri2 = g12g22,1» 2[%2 = g12 (28'12,2 - g2271)a
zrga = g " (8ma2 t B2ma — 2a.m) = gﬂ)\gAa,z
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Proof of Proposition 3.1

Now the following relations hold
A A
(8"gna) , =0 882 + 85 800 =04 678002 = —85 8ra-

Therefore
A A
AT, TS = —85 808" 8us2 = —85 Ers2-
Thus

2 2
AT5 T = (8%8201)" + (8" (28122 — £221)]” — g,g’\gx,@,z- (3.12)
(3.11) and (3.12) give
1
TRhy — TS, = g12gaﬁgaﬁ 2 (28122 — 822,1)

1 1
+ 5 (gu) 8221 (81220 — 8221) + Zgg/\gm,z (3.13)
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Proof of Proposition 3.1

In view of (3.4), (3.10) and (3.13), we finally gain the first equality of
(3.3). On the other hand, in view of (2.17), we have

1 ~ o~ 1
T2 = Fa.Fy ¥ — Zg22Fk/-Fk' + V2@ .Vad + SgnV (®?). (314

On G?, given that (see (3.1) and (3.2)) g!! = g1 =0, g2 = g0 =0,
and A; =0, (3.14) yields the second equality of (3.3) by a direct and
simple calculation. This finishes the proof of Proposition 3.1.
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First step

If in addition to (3.1) we assume gy 1 = 2g122 on G, then Tt =0is
equivalent to

1 Qs
=3 = 3.15
8122 = 58127 (3.15)
The equation
gy’ (g = 3.15
282 8ap2 7 5 (g gaﬁ,z)’z = T22, (3.15a)

provides the following non linear second order ODE for the conformal
factor Q
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Qz>2 1 5 Q, .
—(Z=2) 4 Zhapahy —2( =) =Q 'h*PA,5. A5, (3.16)
( Q 2 2 Q/,

Setting Q = e" yields, in view of (3.16),
2va =f(x,v,v>), (3.17)

where

1 a
f (X, v, V_Q) = — (V-,Z)z — 2€7VhaﬁAa’2.Ag,2 + Ehocﬁ,2h72ﬁ -2 (¢’2)2 .
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Construction of the conformal factor

The following proposition provides the construction of the conformal
factor. Its proof follows directly from known local existence and
uniqueness results concerning non linear ODEs (depending on parameters
with C° coefficients and initial data).

Proposition 3.2, Let T € (0, To] and assume the following smoothness
condition for the free data

h33; h347 h44aA37A47 e (™ (G%') .

Take v, vi € C® ('), where T = G1 N G2. Then there exists
Ty € (0, T] such that (3.17) has a unique solution v € C* (GF,)
satisfying v = vy and vo = vy on T,
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Construction of gi»

As the conformal factor is already known, we now consider the first order
linear ODE (3.15) which, since Q = eV, reads

1
8122 = 5812V (3.18)

The following proposition provides the construction of gi». Its proof
follows straightforwardly from known global existence and uniqueness

results concerning linear ODEs (depending on parameters with C>°
coefficients and initial data).

Proposition 3.3. Let wy € C* (I'). Then (3.18) has a unique solution
g2 € C* (G},) satisfying g1o = wo on T.

Calvin TADMON calvin.tadmon@up.ac.za; tadmonc@yahoo.fr Construction of initial data for the EYMH system



Construction of ( - ) dgio, Arrangement of Rela
! Construction of g1 an@Af‘i\%Qr}éement ‘of Relations 'Y = 0 an
The Constraints Problem for the EYMH System Construction of g1 on G%— and Arrangement of Relation 12 — 0

Arrangement of the condition g»1 — 2g122 = 0 on G%l

We now arrange the condition g2» 1 —2g122 =0 on G%l in Proposition
3.4 below.

Proposition 3.4. On Gll, the reduced equation I~?22 = T9, is equivalent
to the following homogenous ODE with unknown gs 1 — 2g122

2
(8"%) g12,2 (8221 — 2812,2) — 8" (8221 — 2g122) , = 0. (3.19)

Assume 8221 = 2g1272 on . Then 8221 — 2g12,2 =0on G71—1 and so
M =0on G7,.
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Proof of Proposition 3.4

In view of (3.18) and (3.2), it holds that g* g,z = 4g?g122 on GF..
Thus on G}, it holds that

oart = gig™ (2guij — gik) = 878" (282 — gij.2)
_ 127,12 21 (5 B aB
= & [g (g12,2) + &7 (28221 — go12) + 877 ( ga@g)}
g™ (28"°g2.1 — 87 8ap2)
= g¥ (2g12g22,1 - 4g12g12,2)
2
= 2(g")" (go2,1 — 2812.2) -
Hence
2
r,12 = [(glz) (&22,1 *2g12,2)] ,

2
= 2g%%gY (821 — 28122) + (8"%) (8221 — 2g122) 5
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. . 2 .
A simple calculation shows that g4* = — (g'?)" g1 on GF,, since
g'%g12 =1 on G},. Hence

3 2
r}z =-2 (g12) 812,2 (g22,1 - 2g1272) + (g12) (g22,1 - 2g12,2)72

It is easy to see that ngFf‘z = g2l on G7, since gox = 0 for k # 1. In
view of (3.3) and (3.15a) we have

2
Roy — 12T = (8'%)" g12.2 (8221 — 2812.2) — 8% (8221 — 2812.2) 5 + To2-

Therefore, since Ry = Ry — % (gk2rf2 + gkzrf(z) = —%gkmgzz,mk + Q2.
the reduced equation Ryy = 795 is equivalent to (3.19).
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Second step

We now show how to construct the data gi3, g14, and A; on G%l, and
arrange the relations I =0 and A =0 on G7,, o = 3,4.

@ The principle is to find a good combination of Ry, %, %, LAs, A

and A, that will provide a system of ODEs on G7, with unknowns
1o and A;.

e It is at this step that the assumption A, = 0 on G, which permits
to avoid to deal with gy; at this stage of the construction process,
is needed. We have the following proposition which is of paramount
importance in the lecture.

@ lts proof contributes to shed more light on previous work where it
was missing.
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An important proposition : Proposition 3.5

Proposition 3.5. (/) On G7,, the following combinations hold

Reo + 28asT"y + (8128122805 + 28ap2) P

2
=g"g1a,22 + (g”) 812,2810,2 — 8ap 2878128102

2 A A
+ {(glz) 81228058 + % [gagg“ggg - glzg”gaﬂ,zz} }gn + Ca,

(3.20)
LA2 — 2A72 — 2g12g1272A —+ 2 (g12g1272Ay + AV’Q) F” —+ 2Ay|'f’2

2
= —2g"2A120 — 2 (8"%)" g12.2A12 + 28128 A 28102 + K g1x + Ag.
(3.21)
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An important proposition : Proposition 3.5

L
2
+
+
+
+

g'?) 8122 [—28%%812,0 + 8" (28an.0 — 8ub.a)]
Bop2 [—287 8" g12.x + 878" (2870 — 8ub.»)]
(gkﬂgaﬁ,z),,\ -3 (g12g1272)7a -3 (g12)2g12,2g12,a
&' (8210 + &12.24) + %g?‘ (88,0 + 8r0r,8)

8ap 2878812, + 78" (2800 — 8100)] 5

A~

NN N[ | =

KX — 4 (g12)2 g1272g°‘AAa,2 + [lezgo‘)‘gﬁ“guﬁ,z/\a + 2g12g°‘AAa,2] 2
—2(g'%g*An) , 8% 8up2 — 28128 Aa [g7V8up 2] 5 »

Ag =2 (g12ga>\Aoz)’2 g2, — 28128 Angi2,2x
— &7 ([As, Aa2] — 81%812,A0.2)
+ (628 Aa) , 812 [67" (gur5 + 836, — 8up,A)]
+8'%g " Aa (812 (87 (8.8 + 88 — 8us)]) 5
- {go‘ﬁ (82812, + 38 (8up.\ + 8 \ius — 8oru)] + gf;,ﬁ} An2
+ (2812 g2 Aa — [8°°87" (85,5 + 859, — 8up.5)] Aa

Construction of initial data for the EYMH system
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Construction of (g, and g15, Arrangement of Rela
Construction of gy, and A A}r&ngement of Relations [ = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation I'* = 0

An important proposition : Proposition 3.5

(if) On Gz, the system

Ros + égwrﬁ (g12g12 2833 + ;gw,z — Ag.A32) TP + A3 5. = 73,
Ros + 2g45r + (g 8122843 + 2g45 2 — Ag.Ag 2) M+ Ay 2.0 =Ty,
LAy — 205 — 28281258 +2 (g% g122A) + Ay 2) TV +2A,T% = U,
(3.22)
is equivalent to the following second order system of ODEs with unknown

(A1, 813, 814)

g¥%g13.20 + Hé\gu,z +53.A12 + X381 + F3 =0,

g'2g1a20 + K812 + 2. A1 + X281A + Fa =0, (3.23)
2

—28"%A1 20 — 2 (g'?)" gr22A12 + a*gun + b =0,

where all the coefficients are known on G%l and given as follows :
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The Constraints Problem for the EYMH System

Construction of (g, and g15, Arrangement of Rela
Construction of gy, and A A?rﬂngement of Relations I = 0 an

Construction of g3 on G%— and Arrangement of Relation 12 = 0

W= (g2) g122 — g3028™, K= —gs028™, i =—gus28™,
Kq = (g12)2g12,2 - g4ﬂ,2g’64 =2g12As30, s =2g%A45,
X = (82)% g12,280085 + 3 {ga,@g”gﬁ o g“g”ga,@,zz}
—2g"g'?An2.A) 2,

= 4(g2)” g1228" Aap + [281287 87 8320 + 28728 Aa )
—2(g"g"Aa) , 8" 8us2 — 288 A [87 812 , »

Fo=C¢C+ gﬁA (Aoz,A - AA,oz + [A>\; Aoz]) -AB,Qv
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b=Ag— .

(3.24)

Construction of initial data for the EYMH system



Construction of (g, - f3eda and g15, Arrangement of Rela
. Construction of g1 , and A4S Adr ngement of Relations 'Y = 0 an
The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

Proof of item (/).
Proof of (3.20). By definition of the Ricci curvature, it holds that

Roa = Mot — T + TR o — T TS, (3.25)

We compute each term of the r.h.s of (3.25) on G?! by using the
conditions (3.1) and (3.2) to gain

2r2a k= (g1 + gz ) (&12,0 + 810,2 — &2a,1)
g (gzz 1o + 81220 + 810,22 — &20a,12)

(g 7 +g2 ) 8op,2 +g° gaﬁ 22 + (g 8aB, 2) (3.253)
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
nd A} Atrdngement of Relations 'Y = 0 an

A Construction of g1 , al
The Constraints Problem for the EYMH System Construction of gli on G%—l and Arrangement of Relation I = 0

Proof of Proposition 3.5

By expanding the equalities (g'°g2i) , = 0 and (g'7g1;) , =0 on G*, we
get ’ ’
—g'% (28%g12> + 8 g2r1)

gl =
—g" (g25g12,2 +8"gn2 + g,)\gﬂglA) .

gy = (3.25b)

Construction of | data for the EYMH system
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.3) o , and g1, Arrangement of Rels
Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Construction of (g, 3 )
The Constraints Problem for the EYMH System

Proof of Proposition 3.5

(3.6), (3.7), (3.25a) and (3.25b) yield

2
2r§a,k =—-3(g") g122 (8120 + 8102 — &20,1)
+ g'? (822,10 + 812,20 + 810,22 — B20,12)

- g12 [3gzﬁg12,2 + g/\B (g1r2 +&221) + géﬁgu] 8ap,2
+ 8% gap 2 + (g)\ﬁgaﬁ,2)7)\~ (3.26a)
We now compute I'5, and I, , on G* by using equalities

g% grs.0 = 4g1%g12.» and 2g122 — g22.1 = O (see proof of Proposition
3.4), to have

25, = 6g*%g12,0, rlz(k@ =3 (g12g12,2)’a . (3.26b)
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.3) o , and g1, Arrangement of Rels
The Constraints Problem for the EYMH System Construction of g1, and‘f{l,—)\?réngement of Relations IY = 0 an
Construction of g3 on G-,—1 and Arrangement of Relation I'* = 0

Construction of ( g, 3

Proof of Proposition 3.5

(3.26a) and (3.26b) give

3 2 1
Mok — Mo = ~3 (8")" 8122 (8102 — 82a.1) + §g12(

1
- 53”12 {3g25g12,2 + 8 (gir2 +8201) + g’éﬁgl)\] 8ap,2

8la,22 — g2a,12)

1 1
+ Egzﬁgaﬂ,ﬂ + 5 (g)\ﬁgaﬁ,2)7/\ -3 (g12g12,2),a

3 2 1
-5 (") g12,2812,0 + Egu (822,10 + 812,20) - (3.26¢)

Construction of initial data for the EYMH system
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
The Constraints Problem for the EYMH Svatern Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
4 Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

In addition, direct calculations on G* give

ATRTh, = 682810 (82! (21,0 + 8102 — 820.1) + 827860 2]
+ 8" gra2 [28%812,5 + 8 (8upr + 8us — Boaw)| > (3.272)

and

2
4r;(arl2k =2 (g12) 8122 (812,0 + 8201 — 81a,2)
—8"8na2 (2878122 + 87 (8152 + 8251 — 812,8)]
+ 8% gpu 2 (82 (8152 + 812, — 828.1) + 82 8up 2]

+ 88052 [—88ra2 + 87" (80 + Buar — Brau)] -
(3.27b)

Construction of initial data for the EYMH system
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Construction of (g, and g15, Arrangement of Rela
Construction of gy, and‘AI A}r&ngement of Relations [ = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

From the relation (g7*g.s3) , =0, (3.27a) and (3.27b) yield
2
r;;(réa - r;(arl2k =2 (glz) 8122 (gla,Z - gza,1)
1
+28"%812287 gpa + Egﬁ/\gaﬁ,2g2)\,1

1 2
+ ng? (8rg,a + &rap) + (glz) 8122812,0- (3.27¢)
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
Construction of g1, and' 41 A#rdrngement of Relations I* = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

In view of (3.25), (3.26¢) and (3.27¢) give

1

2 1
Roq = 3 (8"%) 8122 (8102 — 820,1) + 53’12 (810,22 — £2a,12)

1 1 A
+ §g12g12,2g2’6gﬁa,2 - §g12 [g/\ﬁgu,z +g72ﬁg1>\} 8ap,2

1 1
+28%gup 0 + = (gkﬂgaﬁz)y)\ -3 (guglz,z),a

2 2
1 2 1 1
-3 (&%) g12.2812.0 + §g12 (822,10 + 812,20) + ngé* (876,00 + 8ra8) -

(3.28)
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Construction of (g, and g15, Arrangement of Rela
Construction of gy, and A A?rﬂngement of Relations [ = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation I'* = 0

Calculation of 7,,. In view of (2.17) it holds that
ri= FiFy ¥ aiFu P V000 1 gV (02).  (3.29)
(3.29a) gives, since g2, = 0 on G?,
Toa = For.F, K+ V0.V, 0. (3.29b)
(3.29b) reads

o=Fn.F, 4+ Fop.F, P +V,0.V,0, (3.29¢)
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
Construction of g1, and' 41 A#rdrngement of Relations I* = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

with

For = A1o — Aot + [As, At], F, ' =g Fai=g"%Fus,

F," =g " Foi = g Faz + 8 Far = —g"28" g12Faz + 87 Fan.
(3.30)

(3.29¢) and (3.30) give

T2a = _g12F2a- (A1,2 - A271 + [A2, Al]) + g12gﬁ>‘Fga.F25gu — gﬁAF)\a_F2B
+ (P2 + [A2, @]) . (P,0 + [Aa, 9]). (3.31)
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
Construction of g1, and' 41 A#rdrngement of Relations I* = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

Now
F2oc = Aa,2 - A2,a + [A27Aoc] ) F/\a = Aa,)\ - A/\,oc + [A)\a Aa] . (332)

In view of (3.32), the assumption Ay = 0 on G! implies that Fp, = A, 2
and [A;, A1] = [A2, 9] = 0 on G. It therefore follows from (3.31) and
(3.32) that

Too = —82 A0 (A1 — A21) + g2g" An 2. A 2812

— g A52. (Ao — Ara + [Ar, Adl) + (92) (D0 + [Aa, ]).
(3.33)
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.3) o , and g1, Arrangement of Rels
Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Construction of (g, 3 )
The Constraints Problem for the EYMH System

Proof of Proposition 3.5

Similarly, the following equality holds on G*!
7 = g8 (g2 +&e1)+ gﬁ*g”gu

1
3 (27 g"%g1a. ) + 878" (28au.0 — guo.n)] - (3.34)

Thus

rg = gﬁkg” (8r1,2 + &x2,1) + gﬁ’\ [gflf (8r1.2 + &x2,1) + g (&r1,22 + g,\z,lz)]

A A
+ g,gzglzgu + g,@ (g5 g1x + 8"%810.2]

1
t3 (28" g g12.1 + 878" (2870 — 8o 2] 2 (3.35)
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Construction of (g, and g15, Arrangement of Rela
Construction of gy, and‘AI A}r&ngement of Relations [ = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

Replacing g% by its expression given by (3.7) gives

s
2 o
= g@ g (81,2 +8x2,1)

2
187 [~ (62)" 8122 (gu2 + £221) + 82 (B2 T @22)|  (3.36)
A A 2
+g€2g12g1,\ + gfé [— <g12) 812,281\ + g12g1,\,2}
+3 28" g% g12.5 + 878" (28ru0 — 8uo\)] 2
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.3) o , and g1, Arrangement of Rels
Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Construction of (g, 3 )
The Constraints Problem for the EYMH System

Proof of Proposition 3.5

Then

A
8as r,ﬁz = gaagfé g2 (gr12 +&n2,1)

2
+ gaﬁgm [— (g12) 8122 (81,2 + &02,1) + g% (&r1,22 +g,\2,12)}
2
+ gaﬁg,@glzgn + gaﬁgﬁ* [— (ng) 812,281 + g12g1,\,2}

1
+ 5805 [-267 8812 + 878" (28300 — g0 N)] ;- (337)
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.3) o , and g1, Arrangement of Rels
Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Construction of (g, 3 )
The Constraints Problem for the EYMH System

Proof of Proposition 3.5

Using (3.28) and (3.37), we finally gain

R2a + %gozﬁ r)gz
2
=8"%g10,220 — (8"%) 8122820.1 — 380528728 (38122 + 827,1)
A by 2
+igas (g”gfé ) L8 — 38785 gup 2810 — 5 (87)” @12.2805.26 81

—1g2gMgup20810 + 1 (g’\ﬁgaﬂg)’)\ -3 (g12g12,2)’a -1 (g12)2g12,2g12,a

+%g12 (822,10 + £12.2a) + %g,‘? (78,0 + 8ra.p)
+58ap 28788100 + 278" (28000 — 8uo\)] 5 -
(3.38)

Calvin TADMON calvin.tadmon@up.ac.za; tadmonc@yahoo.fr Construction of initial data for the EYMH system



.3) o , and g1, Arrangement of Rels
Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Construction of (g, 3 )
The Constraints Problem for the EYMH System

Proof of Proposition 3.5

Now (3.34) implies that

A
g g g1 =17 — g"g'gin, — g,@ g8

1
-5 [—2g7 g g1a.x + 878" (28x0 — 8uon)], (3.39)

and
12 — 8 _ 12 _ B\ _12
8 820,1 = 8ap 8 81a,2 — 8ap8p & 81

1
- 5 [_2g12g12,a + gué (2gap,,9 - guO,a)] . (340)

The insertion of (3.39) and (3.40) in (3.38) yields the expected relation
(3.20).
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Construction of (g, 3 ) . , and g1, Arrangement of Rels
The Constraints Problem for the EYMH Svatern Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
4 Construction of g3 on G},—l and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

Proof of (3.21). From (2.17) we have
LAy = g™ A ik + 5 Aki + 8% [Ak, Aol ;
+8j2 {(gikgj'),; [Ark = Akt + [Ai, Alll + T F™ + T3, F™ 4 [A; FUH :
_ _ _ (3.41)
Calculation of g™ A; i, g5 Av; and g [Ak, A] ;- It holds that

gikAz,ik =22 A5 15 +g22A2,22 +2g%% A3 24 Jrga'@AQ,aﬁ, a, € {3,4}.

(3.42)
The expression of g? in terms of g1, and gi1 via the equalities
g¥g1i=0and g2* = —g2g* gy, gives
2 2
g7 =—(g") gu+ () 8" g1a81r (3.43)
Using the assumption A, =0 on G, (3.42) yields
gikAQJk = 2g12A2712. (3.44)
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
The Constraints Problem for the EYMH Svatern Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
4 Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

The calculation of g& Ay ; gives

85Aki = 85 (A2 +A21) + 85" (Aaz + Aza). (3.45)
We calculate g%* by using the relation g2* = —g'2g** g satisfied on
G! to have
«@ 2 (0% (07 o
g5 = ((g”) 81228 — glzg,gk) gin —8%g g2 (3.46)

Since g% = — (g12)2g1272 (see (3.7)), we deduce from (3.45) and (3.46)
that

i 2
gé Aii=— (glz) g122 (A2 + A21)

2 « « «
+ Aa2 [((gu) 812,28 . g12g32>‘) 81X — glzg Aé’1>\,2
(3.47)
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Construction of (g, and g15, Arrangement of Rela
Construction of gy, and‘AI A}r&ngement of Relations [ = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

As g'! = g'® =0 and A; = 0 on G, the calculation of g™ [Ax, A;] ; on
G' easily gives .
g% [A, As] ; = 0. (3.48)

(3.44 — 3.48) imply

. . . 2
g% Az i + g5 Ari + g™ [Ax, Aol ;= 28" A2 10 — (8%)" g12,2 (A12 + Az 1)

2
+Aq 2 [((glz) 812,28 — g“g,%*) 8ix — glzgaAgu,z}
(3.49)
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
The Constraints Problem for the EYMH Svatern Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
4 Construction of g3 on G-,—1 and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

CaIcuI:«_ltio_n of ) ) o ,
g2 [(g'kgﬂ),; [Ank — Akt + [A, Al + Ti F™ + T F™ 4 (A FUH'

Using the assumption goo = g3 = go4 = 0 on G!, we get
g2 [(&™8”) Tk — At + [ Alll + T F™ 4 T 17 4 (A, FT] |

= g12 {(gikgll)y,- (Ark — Ak + [Ac, Al) + Th F™ 4+ T F™ + [A;, F'-lﬂ :
(3.50)

Construction of initial data for the EYMH system
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
Construction of g1, and' 41 A#rdrngement of Relations I* = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

13

From the assumption gl = g!3 = g1* =0, A, =0 on G!, a simple

calculation shows that
gitg (Ank — Axy + [Ax, Al])
=g (g¥ + g% + gf;k) (A k — Axa + [Ax, As)
=g (g¥ +8%) (A1 — A1) — (g,lfy +85 + g,%ﬁ) Aa,z} ,
(3.51)
with

g g (Ak — Ari + (A All) = g2 {g1 (Ar2 — A21) + g1 Ana}

(3.52)

g2 g% (Aik — Aci + [Ac. All) = g5 {8"° (Ao — A12) — g7%Aa2},
(3.53)
g7 g% (Ark — A + [Ak All) = 87875 A 2- (3.54)
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Construction of (g, 3 ) o , and g1, Arrangement of Rels
Construction of g1, and' 41 A#rdrngement of Relations I* = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

(3.51 — 3.54) yield

(gikgll)ﬂ- (Ark — Aig + [Ak, All)

=g {Zg,lzz (A1 — A1) — (géa + g,%ﬁ> Aa,z} — g¥g* An2 — g*Pgl3Au .
(3.55)

Inserting the relations

g =—-g"%g"gn, g¥=-(¢g )2g12.,2, gh == (g12)2g12vﬁ’

« 2 « (e} «
g5 = ((glz) 81228 — g12g,2A) gix — 828" g1n 2, (3.56)
in (3.55), we get
g2 (g™ 1’)7,- (A1 — Axt + [Ax, All)

3 2
=-2(g"%)" g122 (A2 — A1) — (2 (&) g12,28°* — glzgfé’\) Aa 2812
Jrglzgw"‘odglkﬁ - g,oéﬁAaQ + ga’aglzgu,ﬁ/\a,z-

12
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Construction of (g, and g15, Arrangement of Rela

. Construction of g1 and A A}r&ngement of Relations I = 0 an
The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

We now handle g {F’ Fmi T4 Fim 4 [A;, F’JH. Using the assumption
&2 = g3 = g24 = 0 on G, we get

gfzrémij = 812 ( ::2F21 + r;BFﬁl) . (3.58)
Simple calculations on G! give

My =3gg1o, 2T, =28"g15+ 8™ (8usr + 8rus — Boa)

(3.59)
and
2 2
F?t = (&%) (A21 — Ar2)+(g") g Aangir,, FPl=—ggl¥A, .
(3.60)
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Construction of gy, and A}$ A¥rngement of Relations I* = 0 an
Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Construction of (g, 3 )
The Constraints Problem for the EYMH System

Proof of Proposition 3.5

(3.59) and (3.60) give
; 3
;2F21 =3 (g12) 8122 [(A2,1 — A1) + g“’\Aa,zglﬂ )

. o 1
FigFot = —g'2g"* A, 5 {glzglz,a + §gk“ (8upr + &rup — gm,u)} :
(3.61)

and then
; 2
glLF? =3 (glz) 8122 [(A2,1 — A1) +g°‘AAa,2g1A] ,

i a 1
gualsF "t = —g"*Aq [g”glz,g + ng“ (8up.x + &3 — gﬁm)} :
(3.62a)
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Construction of g1, and' 41 A#rdrngement of Relations I* = 0 an

The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

For the term gjo[4 Fi™ since =T/ . and Fim = —F™ 3 simple
computation gives o
gl Fim = 0. (3.62b)
The calculation of gj» [A;, FY] gives
g2 [Ai, F1] = —g"* [As, Aa 2] - (3.63)
Finally, from (3.41), (3.49), (3.57), (3.62a — 3.62b), and (3.63), we gain
LAy = 28" A2 15 — 87" [Ag, Aa2] + 8" 812,58
2 2
—2(g") gu22A12 +2(g"%)" 812,28 Aa 2811
1 a
+ [g"‘ﬁ <— [gl?glz,,@ + 58" (Busr + 8 — gﬂA,u)D - gﬁﬁ] Aa -
(3.64)
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The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

Calculation of V,V*A,. By definition it holds that

VFAc = g% ViAk = g™ (Aki — ThA)). (3.65)

Using the assumption g!! = g'® =0 and A> = 0 on G! and the equality
g2 = —g'2g°*g1» on G, we have

gXAKi =g (Ao + As1) — 828" (Aa2 + A2a) 81 (3.66)

Using the notation I’ = g I}, | the calculation of g'*T!, A, gives
g*rl Ay =T!A;. Since ' = 0 on G! at this step of the construction
process, we deduce that

vak = g12 (A172 + A2,1) — glzga)\Ao“le)\ —+ F“Aa on Gl. (367)
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The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

From (3.34) we deduce that on G' the following equality holds

%
= [g”gf?] L8t g12g€’\g1,\}2 + 828" (g2x,12 + 812.22)

, (3.68)
+ (gug‘”\)g (8221 + 812,2)
+(—8"g" g2 + 5 (8°°8"" (85,6 + 8op. — 8ups)]) -
(3.67) and (3.34) yield
VA
=g" (A2 + A1) + [gug,gAAa - g12go‘AAa,2} 81x (3.69)

+g12g A, (gaa1 + g102) — €28 g12. 2 A
+3 (7087 (gus,p + 855, — 8up.5)] Aa-
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The Constraints Problem for the EYMH System Construction of g3 on G%— and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

Differentiation of (3.69) w.r.t. x> gives

v, (vak)

=g'?( A122+A212)+g2 (A12+ As1)

+ [ ﬁAA 2garA, 2} g+ [g mAa - g12ga)\Aoz72j| 8172
(g™ gaAA )5 (gn 1 + g1y, 2) + g% A, (g2a12 + 812,22)

+(-g g“’\gu Mo+ 3 (898 (8us,5 + 858 — 8up.s)] Aa),2 :
(3.70)

_l_
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Construction of (g, 3 )
The Constraints Problem for the EYMH System

Proof of Proposition 3.5

As gl2 = — (g12)2g1272 (see (3.7)) and V¥A, = A, we gain

)

2
Ap =g (A1 + Ar1d) — (g12) g122 (A2 + A21)

+ [g”gf?/\a - g”g‘“Aa,z} e+ [gl?g,gAAa - g”go‘AAa,z} gin2
=+ (g12ga)‘Aa)72 (&221 +8102) + g8 Aa (g2r,12 + &12,22)

« 1 o
+ (—g”g “g12 7 Aa + 5 (87787 (gus.p + 8350 — 8 o)) Aa>
2

(3.71)
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The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation I'* = 0

Proof of Proposition 3.5

(3.64) and (3.71) yield

2 2

LAy — 20 = =28 A1 25 + 2 (8'%)" g12,2A21 + 2 (8'2)" 812,28 An 2811

2
+ [4(8") g1228 Aa + 872878 g5 2A0 + 2828 2| g1

, :
+ [4 (&%) g12.28"MAn + 828 87" gup 2 A0 + 2g12g°‘AAa,z} gixrz2
-2 (ngg“AAa),z (g2a1 + 812 2) — 28128 As (820,12 + 812,22)
+ [gaﬁ (%2812, — [812812,5 + 38™ (8upr + &vus — Boa)]) — 8% } Auo

—gP* [Ag, Aa2] + (28728 8127 Aa — [87°8"" (8us,5 + 858,11 — 8up.s)] Aa)_’2
(3.72)
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The Constraints Problem for the EYMH System Construction of g3 on G%—l and Arrangement of Relation 12 = 0

Proof of Proposition 3.5

From (3.40) we have

(&2a1 + 8102) = 81287 + gﬂuguﬂ,ZglA + 8122

1
— 581 (87" (8un + 87 — Bupn)] - (3.73)

Thus

(g2r,12 + 812,22)

= (g12gux),2 M + graguals + [%gﬂ“guﬁ,z] 281

+8°1gu5,2810,2 + 8122 — 5 (812 [87" (8ur.8 + 8rgu — guﬁ,x)])2 .
(3.74)
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Proof of Proposition 3.5

One proceeds in the same way to calculate Ay ; from (3.69) and (3.73)
to have

Asi = g1oA — Angial® — Ao + g8 Anogin — Aag g1

1 o L «
+ 58128 Ao [gﬁ’ (85 + 835 — Bupn)] + 8 8123 Aa

1 (0%
—Senlg 28" (gus.8 + 85,1 — 8up.s)] Aa- (3.75)

Inserting (3.73), (3.74) and (3.75) in (3.72) and using the equality
g°"g.52 = 4g'%g12» on G, we gain the desired relation (3.21).
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Proof of Proposition 3.5

Proof of item (ii). One uses the expression of A, 1 given above in (3.75)
to obtain, from (3.33), the following expression of 75,

Toa = =282 A0 2. A12 + Aap A — Ay Ay ol + 2" g 2 A0 2. Ay 281
— &P (Aar — Ara +[Ar, Ad]) Apa + (92) . (.4 + [Aa, D]).
(3.76)

The insertion of (3.76) in (3.22) gives the desired system (3.23) with the
appropriate known coefficients given by (3.24). This completes the proof
of Proposition 3.5.
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Construction of (gi3, g14, A1) on G%l

The proof of the following Proposition 3.6, that provides the construction
of (g13, 814, A1) on G%l, is a direct consequence of Proposition 3.5.

Proposition 3.6. Let ag, a1, by, b1, ¢, ¢ € C*(I). Then system
(3.23) has a unique solution (g13, 814, A1) in C* (G}, ) satisfying

(&13, &4, A1) = (a0, bo, ) onT,

and
(8132, 8142, A12) = (a1, b1, c1) onT.

Calvin TADMON calvin.tadmon@up.ac.za; tadmonc@yahoo.fr Construction of initial data for the EYMH system



Construction of (g, 3 ) o , and g1, Arrangement of Rels
nd A} Atrdngement of Relations 'Y = 0 an

A Construction of g1 , al
The Constraints Problem for the EYMH System Construction of gli on G%—l and Arrangement of Relation I = 0

The relations * = 0 and A = 0 on G%l

Now the relations [# =0 and A =0 on G}, are arranged in the
following Proposition 3.7.
Proposition 3.7. (/) On G}, the reduced system

k2o¢ = T2a;
LA2 = J27

is equivalent to

g3ﬁrg + (g12g12,2g3ﬁ + %g3g,2 — AB'A3,2) s 4+ A372.A =0,
g4,8|_’ﬁ2 + (g12g12,2g4,6 + %g4,3’2 — A,8~A4,2) s 4+ Ao\ =0, (3.77)
2AGTY — 21 5 — 281215 2> + 2 (82812 245 + Agz) TP = 0.

(ii) if TP =0and A=0on I then ¥ =0and A =0on G .

Construction of initial data for the EYMH system
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Construction of (g, 3 )
The Constraints Problem for the EYMH System

Proof of Proposition 3.7

Proof of item (/). By definition of k,-j (see (2.17)) and since ' =0 on
G' at this step of the construction process, the reduced system

R23=7'237 R24=7'24, LA2:J2,

is equivalent to
Ros — %gaﬁrg = T23,
Raq — %gwrg
LA; = Jo.

In view of (3.22), this is equivalent to (3.77).

Proof of item (ii). (3.77) is a linear homogeneous system of first order
ODEs on G%l, with unknown (F3, F4,A), with variable x2, with C*®
coefficients depending smoothly on parameters x> and x*. This yields
r“=0and A=0in Gz, if [*=0and A =0on . (The conditions
“=0and A =0onT can be obtained upon a judicious choice of the
data ag, a1, bo, b1, co, c1 on I (see Proposition 3.6).

T24,
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Construction of g13 on G-lrl and Arrangement of Relation 12 — 0

Construction of (g, 3 nd g12, Arrangement of Rela
The Constraints Problem for the EYMH System

Last step

The last step of the hierarchical construction process is now described.
Consider the reduced equations R.3 = T3 which are equivalent to
Rag = Tap, since

= 1
Rop = Rag = 5 (gkally + gkslf,) and I =T° =T* =0 on GF,.

As usual, the problem is to find a good combination of g®’R,,5 and I
that will provide an ODE with unknown gi1. Analogously to Proposition
3.5, the following proposition is very important.
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An important proposition : Proposition 3.8

Proposition 3.8. (/) On GT., the following combinations hold

gO‘BRag — 2|'722 —2g%2g12,0?
=-2 (g12)2 81122 +4 (g12)3 81228112
+ {4 (82)" (g122)* + % (") (g"‘ﬁgag,z)’z} gu

(3.78)

Construction of initial data for the EYMH system
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An important proposition : Proposition 3.8

Here, at this level of the construction process, Nng, Mog, W, S, K are
known on GF. and given by

Nos
2 2
= —gaB,2 {(gu) g2218°" g1, — g12g2“g2u,1} —2(g")" g12.2 (818,0 + 81a,8)

—&' (2878122 + 8" g221) (85110 + 8ua.p — Bap,p)
+8"2 (228,10 + 820.18) + Bap2 (87287 814) , + 81287 81180 22

5

2
+8% (8150 + 810.8) + 83" (8up.c + 8uors — gaﬁiu) + 8" (815,20 + 810.28)
+g* (861,20 + 8,28 — Bap2u) — g,zx)\gaﬁﬁ + g,AH (8us,0 + 8ua,8 — 8ap.pi)
—g”%ﬁ,n +g Az (8up.ra + Guors — Bap )
- [Zg 812, +g i (gu)\,a + Bua, X — ga)\,;t)] B’
(3.79)
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An important proposition : Proposition 3.8

M5
= —8"%gup2 [—8%282218% 81y + 287 8ar1 + 8™ (8Lun — B1a)]
+ (81282818052 + 82 (815,00 + 810,5) + 82 (8up0 + B — Baupis)]
X (3g12g22,1 + g’\”gm,z)
+ (28" g12.x + 8" (80,1 + 8o — &ur0)]
X |8 8ap2 + 8" (8upo + 8uas — Bap)]
- (g12) (812,56 + &25.1 — 815.2) (812,0 + 820,1 — 81a2)
i) Su _ At _
+8 15“3’,\2 g 9(g2ﬁ,1 + 8123 1§1[i\,2) + g™ (g1rn8 — 818,1)]
—2g°g g1A8 "85 2802 — & 8832 (81,0 + Bla.1)
(8w + 8rau — Bap,\)
82 (g12,8 + 8182 — 825,1) + 821 8up,2
x |g'? (812,0 + 8102 — &2a1) + g2’\g>\a,2

—glzg’\egea,z (gm,A + g1,\,g) - gz"gwgea,z (gﬂa,x + 8ur,p — gw,#) + mag,
(3.80)
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An important proposition : Proposition3.8

with

ma@

=g%g82 (82" (8201 + 812,0 — B102) + 8 (81p,0 — Bray)]
- *gzigw,z + gi’; (8o, + 868,2 — £28,0)

X _g2 Bau,? +8 (g(Su,a + Bsa,u — gau,é) ’

S =2g2g% g1\ + 3828 (281a,)
+ %g2u [g’\2 (2g;u,2 - gAQ,u) +gw (Zg;m,e - g)\(),,u)} )
W = [2g"2g* g1x2 + 8128 (g1a.)] 2
+ % {32” [g)\z (28202 — &r2,u) + g™’ (2870 — gAG,u)} },2 g
K= 2gaﬁg2>‘F2a.F,\ﬁ +gaﬁg”)‘Fua.F>\ﬂ — F12.F12 — F34.F34
— Fo. [g21g/\2,_-12 + gBg N g+ gBg M Fay + g2 2 Fap + g24g>‘3F43}
+ 87 (0 + [Aa, @]) . (P 5 + [Ag, ®]) + V (¢7) .
(3.81)
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An important proposition : Proposition3.8

(i) The equation
8% Rag — 2% — 28™%g12 512 = g7, (3.82)

is equivalent to the following second order ODE on G}, with unknown

811,
—2 (g12)2 g +4 (g12)3 81228112 + X811 + ¢ =0, (3.83)
where
= (g12)4 (g122)" + 1 (g12)2 (6°7gap.2) 5 (3.89)

x =4
Y= %ga,@ (Nozﬁ + Mozﬁ) —2W - 2g12g12,25 - K.
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Proof of Proposition 3.8

Proof of item (/). By definition of the Ricci curvature tensor, we have
Rap =Tlpx —Thi s+ ThThg = Ty (3.85)

As in the previous steps, each term in the r.h.s of (3.85) is calculated
meticulously on G'. Here one uses the equality

g2 = (62)° gagu + (62)° £22.18% 81, — 8 (62121 + 8% g201) .

)

which follows from the equalities (g% gi) , =0, g% g1; =0on G, to
gain
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nd g15, Arrangement of Rela
The Constraints Problem for the EYMH System

Proof of Proposition 3.8

2
zréﬁ,k = - (g,111 —|—g7122) 8aB1 — 2g12ga5,12 + (g12) 8ap,2812,1

+ (8"7)" gasoguiz + { (%) ga2] , — (6 gzz,lgaa,z} gu

— 8ap,2 {(g12)2 g22,1g2“g1u - g12g2“g2%1}

+ 81 (815.0 + 810.8) + 81" (8510 + Buars — Bap.pr)

+ 8" (828,10 + 820,18) + 8,2 (87787 g11) 2

+ 8287 81,8022 + 85 (85,0 + 810.8) T 83 (8us.a + o — Bapiys)
+ 8" (818,20 + 81a,28) + 87" (83u.20 + Bua,28 — 8api2u)

— 83 8ap2 + &Y (8up.a + Buors — Bapp)

—828up 20 + 8N (8us o + Buars — Bapan) - (3.86a)
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Proof of Proposition 3.8

Similarly, we have
2k 5 = [28"812.0 + 8™ (gura + Buar — Bar)] 4- (3.86b)
(3.86a) and (3.86b) yield
2 (Mo =)
2 2
= — (e¥ + &%) 8ap1 — 28"8up.12 + (8"2)” 8ap 28121 + (8%%) Bup 28112

+ { {<g12)2ga672} , (g12)3g22,1ga672} g1 + Nag,

(3.86¢)
where N, is known and given on G?! by (3.79).
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Proof of Proposition 3.8

The calculation of TiT 5 and [T, gives
Arprl s

=2 (g12)2ga5,2g1271 — g (3g2g22,1 + 8M'8ru2) 8ot

+ (g12)2 8ap,2 (481°8221 + 88 2) 811

—8"%8ap2 [—8"%822,18% 81, + 287 8ox 1 + M (811 + Bap1 — Biap)
+ [8"28°" 81,8052 + 8" (8180 + 810.8) + 82 (8uB,00 + B3 — Bapu)
x (3812221 + 8™ gru2)

+ (282 g12, 7 + 8" (guo,x + 8o — 8uro)]

X _gQ)\gaB,Q + g#A (guﬂ,a + 8ua,8 — goeﬂ,u)] )

(3.87a)
and
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Proof of Proposition 3.8

4r;(ﬁriyk =2 (glz)zg’\“g,\ﬁ,zgauggn —2g"2gM gy 52801

+ (g12)2 (812,58 + &28,1 — 815,2) (812,60 + 8201 — 81a,2)

88102 (87" (8251 + 812,56 — 818.2) + 8™ (8rp1 + 105 — £15.0))]
+28"%8°g128°" 805 2802

+g:12g>\ug)\ﬁ,2 (glu,a + gloz7p) + ggqu@Zgz)\ (gkp,,a + Ea,u — gau,)\)
+ (8" (12,5 + 8152 — &2p.1) + 87 8up.2

X »g12 (g12,0 + 10,2 — 820,1) + g2’\g,\a,2

+8"28" 8002 (8150 + 810,5) + 828 8002 (8o 1 + 8urs — Erpn)
—g_ugm,z [g2A (8201 + 812,0 — 81a,2) + gA“ (g;ux,l + 8ip,0 — gla,u)}
+ [—&*grg2 + 8% (gon5 + 8op.n — 828.6)

X __g2>\gau,2 + gé/\ (gtm,oz + oo, — gau,t?) .

(3.87b)
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Proof of Proposition 3.8

From (3.87a) and (3.87b) it follows that

(T4t~ Th)
2
= -2 (ng) 8ap,2812,1 — gl2 (3g12g22,1 +g”‘gm,z) 8apb,1
2 5
+ (8'%)" 8ap.2 (48128221 + 8™ 8ru2) 811 — 2 (8™2)” 87 873,28011,2811
+28" 8 gxp 280p1 + 28" 81028 828,10 + Magp,
(3.87¢)
where M,z is known and given on G' by (3.80).
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and
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(3.86¢) and (3.87¢) yield

1 1 2
Rop D) (g1 +g2 )ga,é’,l - g12ga,6,12 + 5 (g12) 8a3,2811,2
1 1213
+ > [ gaﬁ,z] ) (g ) 822,18a3,2 ¢ 811
1
- Zgu (3g"°g22.1 + 8™ 8x2) Bapit
1
+3 (82)° 8up.2 (4828201 + 8™ 8a2) 811
1 1 1
E (g ) gA#g/\ﬁJgau,lel + §g12g>\#g>\ﬁ,2gozu,l + Z (Naﬁ + Maﬁ) -

(3.88)
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Proof of Proposition 3.8

Now using the following relations (see (3.6), (3.7), and proof of
Proposition 3.4)

gf = - (g12)2g22,1 =2 (g12)2g12’2,
g2 = — (897 gs M8 = 48" 28100,

together with (3.88), we gain

Rop = 5828 gr3 2801 + %g”ggﬁ,zgk“gxu,l
+ 2881028851 — (8"%) 81228081

—8%8up12 + % (g12)2 8apB,2811,2
+3 { [(glz)zgaﬁ,z} , +4 (g12)3g12,2gaﬁ,2 - (glz)zgkug,\ﬁ,zga#,z} 811

+ 2 (Nag + Mag) . 59)
3.89
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Proof of Proposition 3.8

From (3.89), after some supplementary calculation, we obtain
gaﬁRaﬂ

3
= —g”gfiﬁgag,l — 828" gap12 +2(8"%)” 12,2811,

4 2/ a @
+ [4 (g'?) (g12.2)" + ;&%) (g ﬁgaﬁﬁ)’z} g1+ 180 (Nag + Mag) .

(3.90)
We now expand the equality 2% = g¥g?™ (2gm; j — gij,m) by using the
equalities
gl =g"=g"=0, gn=g3=g4=0,
assumed on G! to gain
2 1 s
r*=(g") g2 - §g12gA’ &1t S, (3.91)

where S is known and given on G! by (3.81).

Calvin TADMON calvin.tadmon@up.ac.za; tadmonc@yahoo.fr Construction of initial data for the EYMH system



Construction of (g, 3 ) nd g12, Arrangement of Rela

3

. al
Construction of g7, and 415 A¥régement of Relations I = 0 an

The Constraints Problem for the EYMH Systgm Construction of g13 on G-lrl and Arrangement of Relation 12 — 0

(3.91) gives
2 _ (.12)2 B 1213 1 152 ™
% =(8"%) 1122 —2(8"°) gr2.2811,2 + > (8"%) g12,28™M gru 1
1 1
— 58785 g1 — 588N a2 + W, (3.92)

where W is known and given on G! by (3.81). (3.90), (3.91) and (3.92)
yield the first equality of (3.78).
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Proof of Proposition 3.8

We now prove the second equality of (3.78). From (2.17) we have
o1 o
8%7ap = 8" Fax-Fsigh — EFkI-FkI+gaﬁVoc¢~Vﬂ¢+ V(9?). (3.93)

It is worth noting at this step of the construction process that, apart from
g1 and Fi,, all the g and Fj; are known on G'. One deduces that,
apart from g22 and F??, all the g’* and F’* are known on G*. More
precisely, the following equalities hold on G*.
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g2 =— (g2 g1 — g%,

F12 = (g12)2 For + 828°* Fax,

F1 = g12g* Fyy,

F2o — g2l g02F | g2l g0NF | | g2 g0NF, | g 23g02F, | g2 gadp
+ 8% g% Fy + 8**g* Fus,

F34 — g32g4>\F2/\ + g33g42 F32 + g33g44F34 + g34g42 F42 + g34g43 F43.
(3.94)

Construction of | data for the EYMH system
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Proof of Proposition 3.8

We will then examine all the terms of the r.h.s of (3.93) in order to
highlight the unknown functions. The following equalities hold on G via
direct calculations

gaﬁgkIFak-ng
=2g2g%F10.Fop + 8228 Fau.Fap (3.95)
+2gaﬁg2>‘Fga.F)\B + gaﬂgﬂAFMa.F/\g.

As the tensor (F¥) is antisymmetric, from the above computations, we
obtain

LFyy.F¥

=2g"2gNF1,.Fo) + g22g P Fop.Foy + F12.F? + F34.F3*

+Fo. [g21g’\2F12 + g8 Fo + gBgMFas + g% g™ Fap +g24g’\3F43] .
(3.96)
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Construction of (g, 3 )

The Constraints Problem for the EYMH System

(3.95) and (3.96) yield

8P g  Fox.Fgi — L Fiy.F¥
= 2ga6g2)‘F2a.F>\g + gaﬂg”AFMa.F)\g — F12.F12 — F34.F34
—Fox. (828" F1a + 8287 F3o + g8 Faa + g¥ g™ Fao + g** g™ Fus] .
(3.97)
The second equality of (3.78) follows straightforwardly from (3.93) and
(3.97).
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Proof of Proposition 3.8

Proof of item (ii). In view of (3.78), the equation
g7 Rap = 2T% — 28" g12 5T = g0,
is equivalent to
12)2 12,3
K=-2(g")" gu2+4(8") g22811.2
1
2

+44(82)" (g122)” + (g12)2(gaﬁgaﬂ?),2}g”

+ gaﬁ (Nozﬁ + Mozﬁ) —2W - 2g12g12,25- (398)

B = A

(3.98) is arranged under the simplified form (3.83) with x and ¢ given by
(3.84).
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Construction of g1 on G%l

The proof of the following Proposition 3.9, that provides the construction
of g11 on G7,, is straightforward.

Proposition 3.9. Let dy, d; € C°° (T). Then (3.83) has a unique
solution g11 € C> (G1,) satisfying g11 = do and g11, = dy on T
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Construction of (g, 3 nd g12, Arrangement of Rela

The relation [* = 0 on G,

The relation ? = 0 on G%l is arranged in the following Proposition 3.10.

Proposition 3.10. (/) On Gz the reduced system

Rag = Tap, (3.99)
implies the following homogenous ODE on G}, with unknown I
% +g'%g12,M =0. (3.100)

(i) Assume > =0 on I'. Then > =0 on G7,.
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Proof of Proposition 3.10

Proof Since go3 = g4 =0, ' =T3=T*=0o0n G' at this final step
of the construction process, it follows from the definition of Rj; (see
(2.17)) that the reduced equation (3.99) reads R,3 = Tas. Thus, in view
of (3.82), equation g*¥R,3 = g*’7,5 implies (3.100). (3.100) is a linear
homogenous first order ODE on G7. , with unknown function I, of the
real variable x2, with C* coefficients depending smoothly on real

parameters x3 and x*. Thus, assuming > = 0 on I implies 2 = 0 on
Gi .
1
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Compatibility condition

@ We have successfully adapted Rendall method through which, given
a positive real number 0 < T < Ty, appropriate free data h |, A
waB Wa
and ¢ in C* (G%) and some adequate conditions, initial data for
the reduced Einstein-Yang-Mills-Higgs system are constructed on
¥, w=1,2 (see (2.1 — 2.3) for the definition of G¥ and Ty).

@ We have established that the solution of_the evolution problem with
those initial data satisfies the relations ' = 0 and A =0 on G¥, for
some T; € (0, T].

o In fact, setting gog = Qhap on G U G%, where h,s =h on G%,
wap

w=1,2 (h ) a symmetric positive definite matrix
wab/) o p=34

function with determinant 1 at each point of G¥, w = 1,2, and Q

an unknown positive function, we have constructed C*° initial data

as follows :
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Compatibility condition

o (i) Construction of gu3, g12 on G}, such that ™ =0 and
8221 = 28122 ON G%l under the following conditions :
&2 =83 =gu=00n Gy, Ay=00n Gk; gp, Qand Q, are
given C* functions on I, such that I* =0 and g»1 = 2g122 on .

o (ii) Construction of g,s, g12 on G%, such that I =0 and
g11,2 = 28121 on G%l under the following supplementary conditions
(in addition to conditions in (i)) : g11 = g13 = g4 = 0 on G2,
A; =0o0n G2; Q; is a given C* function on I, such that 2 =0
and g112 =2g121 0n [,

o (iii) Construction of g1, A1 on G}, such that I* =0 and A =0 on
G%l under the following supplementary condition (in addition to
conditions in () : g1q,2 and Ay 2 are given C* functions on I, such
that T* =0and A=0onT.
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Compatibility condition

o (iv) Construction of g2o, A2 on G%. such that T* =0and A =0 on
G%l under the following supplementary condition (in addition to
conditions in (ii)) : g2, and Az q are given C* functions on T,
such thatN'* =0and A=0onT.

o (5/) Construction of g1; on GF, such that [? =0 on G}, under the
following supplementary condition (in addition to conditions in (/)
and (iii)) : g11.2 is a given C* function on T, such that 2 =0 on T.

@ (6i) Construction of gy, on G%, such that I =0 on G% under the
following supplementary condition (in addition to conditions in (ii)
and (iv)) : ga2.1 is a given C* function on I, such that ' =0 on T.
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Compatibility condition

We now show how the above adequate conditions in (i), (i), (iii), (iv),
(5i) and (6/) are arranged.

o Firstly, take g1 = —1 on [ (this is a non-restrictive property that
can naturally be imposed to any metric in standard coordinates, c.f.
Rendall 1990, p. 232). Then choose (h ) , a C° symmetric

wap «,0=3,4
positive definite matrix function on G% with determinant 1 at each
point and set g3 = Qh,g, where hyg =h on G¥, w=1,2.

wap
Let Q = v on I', where vy is a given C* function on I'. Take also

82 =83 =g4=0, A=0o0n G},
g1 =813 =g814=0, A =0o0n G}

Then all the components gj; of the metric are determined on T, since

8ap = Qhap, 811 = g1a =0, g2 = g2a =0o0n T, Q and h,p are
known on T.
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Compatibility condition

@ Next choose ®, A and A , which are given C* functions on G%
w w3 w4

such that
d=¢d¢onl, A
1 2 1

=A onl, A=A onl.
23 1 24

3 4

Let Q1 =v; and Q> = v on ', where v; and v, are two given C*
functions on I'. Then Egs. (3.15) and (3.15a) on G7 as well as their
following counterparts on G%

1 Q

8121 = §g12 Q on G%

and

1, 1, .
Zg,lﬁgam ~5 (g Bgam)1 =711 on G2,

are satisfied and it holds that gi1> = g22.1 = $8*°gap,1 on I. This
insures ' =T2=0o0nTl = G+ N G%.
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Compatibility condition

o FinaIIy, let 8132 :E , 8142 = B , A1’2 = 7\ on I', where
23 24 21

§ , § , /;4 are given C functions on . Then there is only one way
3 24 21
to choose gsg1 on I such that I =T* =0on I. In fact, by the

definition of I'? (see (2.13)), on G it holds that
12 _ 8 _ 12 _ BA 12
& 82,1 = 8ap & "8ia,2 — 8apg & 81 (4.1)
- % [*2g12g12,a + gl“9 (2goqt,0 - g/LG,a)] 3
and on G% it holds that

A
g%g1a, = %aﬁrﬁ — 828201 — Basg 8282 (4.2)
-2 [_2g12g12,a + gua (2gau,0 - g,w,a)] .
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Compatibility condition

Since g1y = 0 =g on T, it follows from (4.1) and (4.2) that

g%gra1 = glaﬂrﬁ — 88102 (4.3)
— 3 [28"812,0 + 8" (28ap0 — Busa)] on T

In view of (4.3), on I, ¥ = 0 is equivalent to

1
glzgza,1 = _glzgla,Z 5 [_2g12g12,a + g’w (anp,e - gpﬁ,a)] .
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Compatibility condition

We now proceed to arrange the condition A =0 on I'. Since A, =0 on
GT, A;r =0on GT, A are given C* functions on G¥, there is only one

way to choose Aj ; on F such that A =0 on I'. In fact, from the
definitions of A and I (see (2.15) and (2.13)), on G2 it holds that

g12A
2,1
=A—gPAin+ (2g12rb + gaﬁriﬁ) Ar + g2 Ao (8102 + 8211)
2
- [2g12F§aAﬁg“ +2(8")" 812,28 Aa — 828" An 2| 812
—g%g* Angiax — g% (Ag,a - FgﬁA,\) .
(4.4)
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Since g1x =0and A; =0on I, (4.4) implies that on I the following
equality holds

g2 A1 = A —gA1p + g8 An (81a2 + 820.1)

4.5
— g2g" Angra ) — 8 (Aﬁ,a - FQBAA) . (45)
In view of (4.5), on [, A = 0 is equivalent to

g2 A1 = —g" A1 + 828" As (8122 + 820.1)
— g2 Angian — 87 (Aﬁ,a - rgﬁAA) :

It follows from the above discussion that all necessary data are given on I’
and all necessary assumptions fulfilled.
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Conclusion

We can now sum up the C resolution of the Goursat problem for the
EYMH system in the following theorem.
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Theorem
Let T € (0, To] be a real number and w € {1,2}. Leth ,h ,h be

w33 w34 w4

C° scalar functions on G¥ such that <h ) is a symmetric positive
wap

definite matrix with determinant 1 at each point of GY and

<h h h> (h h .h )onr.Letq?,Z\,Z\ be C* functions

133" 134" 144 233" 234’ 244 w w3 w4
on G¥ such that (dD A A ) = 6,7\ ,7\ ) on . Let C* functions
3 14 2 23 24
Q, U, o, b b A be given on T'. Then there exists T, € (0, T], a
4

unique C* scalar functron Qon G 11 UGz 1,» @ unique C* Lorentz metric
gij on Lt,, a unique C* Yang-Mills potential Ax on L1, and a unique
C® Higgs function ® on L, such that :

Calvin TADMON calvin.tadmon@up.ac.za; tadmonc@yahoo.fr Construction of initial data for the EYMH system



Conclusion and Compatibility Conditions on I = G:.lrl n 6.2,.1

Theorem
1) 8ap = Qhap on G}, U GF,, where hog = h  on G%.
B B T1 B T
waf

(2) u = (gjj, Ak, ®) satisfies the Einstein-Yang-Mills-Higgs equations on
L Ty»

(3) the given coordinates on R* are standard coordinates for g;; and the
Lorentz gauge condition YV A¥ = 0 is satisfied on Lt,, with A, = 0 on
G}, and Ay =0 on G%,,

(4) u= (g, Ak, ®) mduce the given data on G}, U G%,

(5) on T it holds that : Q = QQl—Ql,QQ—Qz,gln §7
3

8142 = b 9 and A1’2 = Z o
24 21
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Future challenges

@ The handling of the local Goursat problem for the EYMH system is
quite satisfactory.

@ The global resolution of the evolution problem associated to the
EYMH system with the same gauge conditions and the same initial
hypersurfaces is still open. Hope that it works for small initial data
(By using Lindblad-Rodnianski or Caciotta-Nicolo methods).

o Great opportunities for numerical analysis : The constraints
equations are much more simpler (they reduce to ODEs) than the
elliptic PDEs that arise in the classical Cauchy problem in GR.

@ Solve the constraints and the evolution problems for other physically
interesting models such as Einstein-Vlasov, Einstein-Euler, etc.
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